IOWA STATE UNIVERSITY

Digital Repository

lowa State University Capstones, Theses and

Graduate Theses and Dissertations Dissertations

2019

Non-perturbative applications of quantum chromodynamics

Meijian Li
lowa State University

Follow this and additional works at: https://lib.dr.iastate.edu/etd
0 Part of the Physics Commons

Recommended Citation

Li, Meijian, "Non-perturbative applications of quantum chromodynamics" (2019). Graduate Theses and
Dissertations. 17733.
https://lib.dr.iastate.edu/etd/17733

This Dissertation is brought to you for free and open access by the lowa State University Capstones, Theses and
Dissertations at lowa State University Digital Repository. It has been accepted for inclusion in Graduate Theses and

www.manharaa.com



http://lib.dr.iastate.edu/
http://lib.dr.iastate.edu/
https://lib.dr.iastate.edu/etd
https://lib.dr.iastate.edu/theses
https://lib.dr.iastate.edu/theses
https://lib.dr.iastate.edu/etd?utm_source=lib.dr.iastate.edu%2Fetd%2F17733&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=lib.dr.iastate.edu%2Fetd%2F17733&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/etd/17733?utm_source=lib.dr.iastate.edu%2Fetd%2F17733&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digirep@iastate.edu

Non-perturbative applications of quantum chromodynamics

by

Meijian Li

A dissertation submitted to the graduate faculty
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Major: Nuclear Physics

Program of Study Committee:
James P. Vary, Major Professor
James P. Vary
Kirill Tuchin
Pieter Maris
Marzia Rosati
James Cochran
Glenn Luecke

The student author, whose presentation of the scholarship herein was approved by the program of study
committee, is solely responsible for the content of this dissertation. The Graduate College will ensure this
dissertation is globally accessible and will not permit alterations after a degree is conferred.

Iowa State University
Ames, Iowa
2019

Copyright © Meijian Li, 2019. All rights reserved.

www.manharaa.com




ii

DEDICATION

1 DAL SCHRR -
RECRZINEYE, &fF, REITZNESE, 2y, MREFALSIR, 837 -

I would like to dedicate this dissertation to my parents, Wei Qin and Hongyu Li, and my husband,
Wenyang Qian. To my mom, who keeps bringing beautiful little things (wooden blocks, baby silkworm,
strawberry sprout,...) to me after she brought me to this world. To my dad, who always inspires me with
all his originative ideas ever since I was a little kid on the back seat of his bike. To my husband, for the

wonderful and countless conversations we had and will have, on physics and everything else.

www.manharaa.com




il

TABLE OF CONTENTS

Page
LISTOFTABLES . . . . . e e e e e e v
LISTOF FIGURES . . . . . e e e s e e vil
ACKNOWLEDGMENTS . . . . . . e e e e e e e e e e e XV
ABSTRACT . . . . . e Xxvii
CHAPTER 1. INTRODUCTION: QUANTUM FIELD THEORY ON THE LIGHT FRONT . . . . . 1
1.1 Quantum fieldtheory . . . . . . . . . ... 1
1.2 Forms of relativistic dynamics . . . . . . . . . . . . . . 3
1.3 Light front quantum field theory of QCD . . . . . . . . . . ... .. ... ... 5
1.3.1 Fock space representation . . . . . . . . . ...l e e e 9
1.3.2  The light-front Schrodinger equation . . . . . . . . . . .. ... ... ... ..... 13
CHAPTER 2. BASIS LIGHT-FRONT QUANTIZATION APPROACH TO BOUND STATES . . . . 16
2.1 The heavy quarkonium . . . . . . . . . . . ... 16
2.1.1 Heavy quarkonium in the valence Fock sector . . . . . . ... ... ... ...... 19
2.1.2  Extension to higher Fock sectors . . . . . . ... ... ... ... ... ... .. .. 23
2.2 Theelasticformfactor . . . . .. . ... ... 29
2.2.1 Framesand kinematics . . . . . . . .. ... ... o o o o 30
2.2.2  The hadron matrix element . . . . . . . . ... .. L 32
2.2.3 Elastic form factor of the spin-O particle . . . . . . ... ... ... ... ...... 38
2.2.4  FElastic form factor of the spin-1 particle . . . . . . . . ... ... ... ... ... 46
2.3 Radiative tranSitions . . . . . . . ..o e e e e e e e e e e e e e 53
2.3.1 Transition form factor anddecay width . . . . . . ... ... ... ... ...... 54
2.3.2  Light-frontdynamics . . . . . . . . . . . ... e 55
2.3.3 Frame dependence of the transition form factor . . . . . ... ... ... ... ... 76
2.3.4 The electromagnetic Dalitzdecay . . . . ... ... ... ... ... ... .... 84
2.3.5 Covariant light-front formalism . . . . . ... ... ... ... ... ........ 85
24 Decay constant . . . . . . . ... e e e e e e e e e e e 90
2.4.1 Decay constant of the pseudoscalar . . . . . .. ... ... ... ... ... ... . 93
24.2 Decayconstantofthevector . . . . . . ... ... L L oo 94

CHAPTER 3. TIME-DEPENDENT BASIS LIGHT-FRONT QUANTIZATION APPROACH TO A
SCATTERING PROBLEM . . . . . . . . e e e e 101
3.1 Time-dependent basis light-front quantization . . . . . . .. ... ... .. ... ...... 101
3.2 __Quark jet scattering off the Color Glass Condensate . . . . . . ... ... ... ....... 104

www.manaraa.com



v

3.2.1 Background gluon field as the Color Glass Condensate . . . . . ... ... ..... 105

3.2.2  Basisconstruction . . . . . . ... Lo e e 108

323 Numerical scheme . . . . . . .. ... .. 110

3.3 Observables . . . . . . oL e e e 111
33.1 Thecross section . . . . . . . . v v vt it e e e e 111

3.3.2 Thedifferential cross section . . . . . . . . .. ... Lo 121

3.3.3 The evolution of the quark state . . . . . . . ... ... ... ... ... ..., 122

334 Theprofiled CGCfield . . . . . . . .. . .. . ... . 124

34 Conclusionsandoutlook . . . . . . . ... L 129
CHAPTER 4. SUMMARY AND OUTLOOK . . . . . . . .. .. e 133
BIBLIOGRAPHY . . . . . . e 135
APPENDIX A. CONVENTIONS . . . . . . e e e 144
A.1 Light-Frontcoordinates . . . . . . . . . . . . . . . 144
A2 ymatriCes . . . . . . i i e e e e e 145
A3 SPINOTS . . . . e e e e 146
A.3.1 spinorpartinthe quark current . . . . . . . . . .. ... 147

A.3.2 spinor partin the antiquark current . . . . . .. ..o oL 149

A.3.3 spinor part in the pair creation/annihilation vertex . . . . . . . ... ... L. 150

A.3.4 spinor part in the instantaneous quark vertex . . . . . . ... ... L. oL 151

A.3.5 spinor part in the electroweak current . . . . . . ... ..o 152

A.4 Spin vector of massive spin 1 particles . . . . . . . . ... ... . 153
A.5 Polarizations of massless vectorbosons . . . . . ... .o oL oo 153
A.6 Discrete SYMmmetries . . . . . . . . ... i e e e e e e e e e e e 153
AT QCDcolorspace . . . . . . . o ittt e e e e 154
APPENDIX B. THE LIGHT-FRONT QCD HAMILTONIAN . . . .. .. ... ... ... ..... 156
B.1 The light-front QCD Hamiltonian . . . . . .. ... ... ... .. ... ... ...... 156
B.2 The light-front QCD Hamiltonian with a background field . . ... ... ... ... ... .. 161
APPENDIX C. THE BASIS FUNCTION REPRESENTATION . . . . .. ... ... .. ...... 168
C.1 Thetransverse integral . . . . . . . . . . . . . . . 169
C.2 The longitudinal integral . . . . . . . . . . . . . . .. .. 173
APPENDIX D. LORENTZ STRUCTURE DECOMPOSITION . . . ... ... ... ........ 174
DI Spin0mesons . . . . . . . .. e e e e e e 175
D.2 Spin-1 MeSONS . . . . . . . o i e e e e e e e e e e e 177
D3 Spin-0 <> spin-1mesons . . . . . ..o e 183

www.manaraa.com



LIST OF TABLES

Page
Table 2.1 The interaction matrix U for a meson in the Fock space |gg) + |ggg). The matrix
elements are represented by diagrams. For each diagram where the gluon couples
to the quark, there also exists a corresponding diagram with the gluon coupling to
the antiquark. Diagrams in the red frames are excluded by gauge cutoff, see details
intheteXt. . . . . . e 19
Table 2.2 The interaction matrix U for the quarkonium in the Fock space |¢g) + 19Gqg) +
lggg). The matrix elements are represented by diagrams. For each diagram where
the gluon couples to the quark, there is a corresponding diagram with the gluon
coupling to the antiquark. The diagram in the red frame is excluded by gauge
cutoff. Diagrams in Uy and Uy that are excluded by gauge cutoff are not shown
here, see Table 2.1 forreference. . . . . . . . . . . . . . . ... ... ... ... 24
Table 2.3 Number of distinct space-spin basis states in the |ggqg) sector at different K = Npax
values. In the first case, M, and S are conserved separately, as quoted from Ref. [1].
In the second case, the magnetic projection for the total angular momentum m; =
M, + S is conserved, which we will use in constructing the basis. . . . . . . . . .. 28
Table 2.4 The charge mean squared radii (ri) of (pseudo) scalar charmonia and bottomo-
nia [Eq. (2.62)]. The BLFQ results with the running coupling «, are obtained at
Nmax = Lmax = 32. The difference between the Npax = Lmax = 32 and 24 values
are presented as the uncertainty. The BLFQ results with the fixed coupling a, are
obtained at Nypax = Lmax = 24. The difference between the Npax = Limax = 24 and
16 values are presented as the uncertainty. We compare our results with those of the
Contact Interaction (CI), Lattice and Dyson-Schwinger Equation (DSE) methods. . 44
Table 2.5 The charge mean squared radii <rfl> [Eq. (2.75)] for spin-1 charmonia and bottomo-
nia. The difference between the Npax = Lmax = 24 and 32 values are presented as
the uncertainty in the BLFQ results. . . . . .. ... ... ... ... ... ... 52
Table 2.6 The magnetic moment u [Eq. (2.76)] for spin-1 charmonia and bottomonia. The
difference between the Nyax = Lmax = 24 and 32 values are presented as the
uncertainty inthe BLFQresults. . . . . .. ... ... ... ... ... ...... 52
Table 2.7 The quadrupole moments Q x M? [Eq. (2.77)] for spin-1 charmonia and bottomo-
nia. M is the mass of the corresponding meson, which are taken from PDG [2] if
available, and the Y (1D) mass is taken from Ref. [3]. The difference between the
Nmax = Lmax = 24 and 32 values are presented as the uncertainty in the BLFQ
results. . ... 53
Table 2.8 The formulas of extracting the transition form factor V(¢?) from different current
components and different m; states of the vector meson, derived from Egs. (2.84),
(2.85), (2.86) and (2.87). The five independent extractions in a truncated Fock
space are indicated in five different colors: orange, green, red, blue and brown. . . 59

www.manaraa.com



vi

Table 2.9 V(0) for radiative decay between 0~* and 1=~ charmonia (bottomonia) below the
DD (BB) threshold. Values from PDG [4] are converted from their decay widths
according to Eq. (2.81). Note that the uncertainties of meson masses propagate
into that of V(0). The BLFQ results are from Eq. (2.95). For these results, all
meson masses are taken from PDG [4], except that Y(13D;), T(2°D;) and np(3S)
masses are taken from Ref. [3]. Extrapolations for BLFQ are made from Np,x =
Lnax = 8, 16,24, 32 using second-order polynomials in N,|.. We use the differ-
ence between the extrapolated and the Np,x = 32 results to quantify numerical
uncertainty, which does not include any systematic uncertainty. Uncertainties are
quoted in parenthesis and apply to the least significant figures of the result. Some
lattice results are quoted with more than one source of uncertainty. The lattice
nonrelativistic QCD (NRQCD) [5] results are converted from their three-point ma-
trix elements with meson masses from PDG [4]. Values from the relativistic quark
model (rQM) [6] and the Godfrey-Isgur (GI) model [7, 8] are converted from their
decay widths according to Eq. (2.81) with their suggested meson masses, respec-
tively. These results are plotted in Fig. 2.16. (Table adapted from Ref. [9]) . . . . . 75

Table 2.10 Comparison of V(0) from available experimental data and the BLFQ calculations
in the limiting frames. Values from PDG [2] are converted from their decay widths
according to Eq. (2.81). The BLFQ results are calculated using meson wavefunc-
tions obtained at Npax = Lmax = 32. The Drell-Yan/longitudinal II is the preferred
result, and the difference between it and the longitudinal I quantifies the uncertainty
resulting from frame dependence. (Table adapted from Ref. [10]) . . . . . . . . .. 79

www.manaraa.com



vii
LIST OF FIGURES

Page
Figure 1.1 “Time” in the three forms of dynamics. The gray cones are the reference surfaces
of the light cones, t = 4/(x9)2 + (x3)2. The equal-“time” surfaces are in red. In
(a), the instant form, time is defined as x° and the shown equal-time surface is
1% = 0. In (b), the front form, time is defined as x* = 1% + x> and the shown
equal-light-front-time surface is x* = 0. In (c), the point form, time is defined as

T = /¥x, —a® with x¥ > 0 and the shown equal-point-time surfaceist=0. ... 5
Figure 1.2 Vertex diagram representation of the light-front QCD Hamiltonian in Eq. (1.9).

The solid lines represent the quark operators, and the curly lines represent the

gluon operators. The instantaneous quark (gluon) propagator 1/(i0%) [1/(0)*] is

represented by a quark (gluon) line with a bar acrossit. . . . ... ... ... ... 7
Figure 2.1 Iterated interactions generated in the two-body effective interaction. The top two

panels are the gluon-exchange diagrams. The bottom two panels are the fermion-

self-energy contributions. Each fermion lines are labled by its momentum (k), spin

(s)andcolor (€). . . . . . . . o e e e 20
Figure 2.2 The internal-annihilation-creation interaction generated by stitching U,; and Uys.

This term and Uy, together form the full internal-annihilation-creation term Viac.

Each fermion lines are labeled by its momentum (k), spin (s) and color (¢). . . . . . 25
Figure 2.3 Iterated interactions generated by stitching Ug; and Uj,. Each fermion lines are
labeled by its momentum (k), spin (s) and color (¢). . . . . . . . .. ... ... .. 26

Figure 2.4 Visualization of the Lorentz invariant momentum transfer squared ¢ as a function
of zand A L atarg A 1 = 0,7 (a): regional plot of g>. The time-like region (¢> > 0)
is the orange oval shape, bounded by Ajoge = (mi - mZB)/2mA and Zpode = 1 —
m% /mi. The space-like region (¢> < 0) is in light gray. Contour lines of ¢> are
indicated with thin dashed curves. The maximal value g2,,, = (ma — mp)* occurs
at (zum = 1 —mp/my, A, = 0). (b): 3D plot of q2 showing a convex shape in the
(z, AL) representation. The blue flat plane is the reference plane of ¢g> = 0. In each
figure, the Drell-Yan frame is shown as a thick solid line, and the longitudinal I and
II frames are shown as thick dotted and thick dashed lines respectively. (Figure
adapted from Ref. [10].). . . . . . . . . . .. ... 31
Figure 2.5 Light-front wavefunction representation of the hadron matrix element. The double-
lines represents the hadrons. The solid lines represent the partons. The wavy lines
represent the external photon. The shaded areas represent the light-front wavefunc-
tions. These diagrams are ordered by light-front time x*, which flows from left to
right. In (a), the n — n transition, parton number is conserved, whereas in (b),
the n + 2 — n transition, parton number is reduced by 2 due to pair annihilation.
(Figure adapted from Ref. [10].) . . . . . . .. ... . . . 34

www.manaraa.com



viii

Figure 2.6 The elastic form factor of spin-0 states of heavy quarkonia calculated in the Drell-

Yan frame with the J* or equivalently the J current, according to Eq. (2.53) with

z = 0. The light-front wavefunctions used in these results are solved in the BLFQ

approach at different basis truncations (Nmax = Lmax = 8,16,24,32) [3]. . . . . .. 43
Figure 2.7 The charge form factor of spin-1 states of heavy quarkonia at different basis trun-

cations, Nmax = Lmax = 8, 16,24, 32. The light-front wavefunctions used in these

results are solved in the BLFQ approach at different basis truncations (Npax =

Liax = 8,16,24,32) [3]. . . . . . o o 49
Figure 2.8 The magnetic form factor of spin-1 states of heavy quarkonia at different basis

truncations, Nyax = Lmax = 8,16,24,32. The light-front wavefunctions used in

these results are solved in the BLFQ approach [3]. . . . . . . . ... ... ..... 50
Figure 2.9 The quadruple form factor of spin-1 states of heavy quarkonia at different basis

truncations, Nmax = Lmax = 8,16,24,32. The light-front wavefunctions used in

these results are solved in the BLFQ approach [3]. . . . . . . . ... ... ... .. 51
Figure 2.10  Radiative transition from vector to pseudoscalar meson in |¢g) Fock space repre-

sentation within the impulse approximation. In these figures light-front time x*

flows to the right. The double-lines represent the hadrons. The solid lines rep-

resent the quark or the antiquark. The wavy lines represent the probing photon.

The shaded areas represent the light-front wavefunctions. (Figure adapted from

Ref. [0].) . . o o e 59
Figure 2.11  The transition form factor of J/yy — n.(1S) + vy calculated according to Eq. (2.98)

at z = 0 with different values of & = PR/AR. In this plot, 0* = —q2 = —|5L|2,

and VIJR’mjzl (Vly+m;=1) is labeled as f/ﬁj:l (\7’;]:1). In the limit of & — oo,

v JR’mjzl(qz) reduces to V| J+,mj:1(q2), and it is shown in the red solid line. The

light-front wavefunctions used in this calculation are obtained through the BLFQ

approachinRef. [3]. . . . . .. . .. L 64
Figure 2.12  Comparison of dominant and subdominant LFWF components for pseudoscalar

and vector systems in heavy quarkonia. Single (double) apostrophe stands for the

radial excited 2S (3S) state. LFWFs are taken from the Npax = Lmax = 32 result

of Ref. [3]. The numbers in white suggest the occupancy of the dominant spin

components for each state. (Figure adopted from Ref. [9].) . . . . . ... ... .. 68
Figure 2.13  Integrands of V(0) according to Egs. (2.103) (J&, mj = 0)and (2.104) (J*,m; = 1).

As a representative of the allowed (nS — nS + ) transitions, the integrand in (a)

has the same sign in the entire r, region. On the other hand, (b) involves a transi-

tion with radial excitation, which is sensitive to small changes in the cancellations

between positive and negative contributions. (Figure adapted from Ref. [9]) . . . . 70
Figure 2.14  Transition form factors calculated from light-front wavefunctions [3] according to

Egs. (2.95) (JX, m; = 0) and (2.94) (J*,m; = 1). The dashed and solid curves are

calculated with light-front wavefunctions at Npax = Lmax = 8 and Npax = Lmax =

32 respectively. The shaded areas in between indicates the numerical uncertainty

from basis truncation. . . . . . . ... L. 72

www.manaraa.com



ix

Figure 2.15  Transition form factors for charmonia (left) and bottomonia (right) are calculated
from the BLFQ light-front wavefunctions [3] according to Eq. (2.95). In these
plots, Q2 = —qz. The first row shows the allowed transitions, the second row
shows transitions between different radial excitations, and the third row presents
those involving angular excitations. The dashed and solid curves are calculated
with light-front wavefunctions at Npax = Lmax = 8 and Npax = Lmax = 32 re-
spectively. The shaded areas in between indicates the numerical uncertainty from
basis truncation. As a consequence of the UV cutoff from the basis, the largest
Q%*(~ AZ) at Npax = 32 truncation is 31 GeV? (44 GeV?) for charmonia (bot-
tomonia). (Figure adopted fromRef. [O]) . . . . . . .. ... ... ... ...... 73
Figure 2.16  V(0) of charmonia and bottomonia transitions, calculated from Eq. (2.95) and sum-
marized in Table. 2.9. Extrapolations are made from Npax = Lmax = 8, 16,24,32
using second-order polynomials in N1 . We use the difference between the ex-
trapolated and the Np.x = 32 results to quantify numerical uncertainty which
is indicated by the vertical error bars on the BLFQ results (sometimes smaller
than the symbols). We do not include any systematic uncertainty. Quarkonia in
the initial and final states are labeled on the top and bottom of the figure. Sin-
gle (double) apostrophe stands for the radial excited 2S (3S) state. The D-wave
states are identified as n>D;. The heavy quark limit V(0) = 2 of the allowed
(nS — nS + 7y) transition is shown in the dashed line. Results from PDG [4],
Lattice QCD [11, 12, 13, 14] and Lattice NRQCD [15, 5], the relativistic quark
model (rQM) [6] and the Godfrey-Isgur (GI) model [7, 8] are also presented for
comparison. (Figure adopted from Ref. [9]) . . . . . . .. ... ... . ... ... 74
Figure 2.17  Ratio of V| 7+.m;=1(0) over V| JR’m_/,:O(O), calculated from Eq. (2.94) and Eq. (2.95)
respectively. The results are extrapolated to Npyax = o0 from Npax = Lmax =
8, 16,24, 32 using second-order polynomials in N,!.. We use the difference be-
tween the extrapolated and the Np,x = 32 results to quantify the numerical uncer-
tainty (indicated by vertical error bars). The allowed transitions are shown as filled
triangles, whereas the hindered transitions, involving radial/angular excitations, are

shown as open diamonds. (Figure adopted from Ref. [9]) . . . . .. ... ... .. 76
Figure 2.18  The valence light-front wavefunctions of mesons as they contribute (see Eq. (2.35))
to the convolution in the transition J/y — 7. + y* at ¢> = =3 GeV? in different

frames. According to Eq. (2.35), in this 2 — 2 parton-number-conserving term,
the initial state wavefunction of J/i would appear shifted and stretched to overlap
with the final state wavefunction of 7., when plotted on the (x, K 1) space. Shown in
(a), the wavefunction of J/iy is shaped differently at different (z, A 1), i.e. in differ-
ent frames. The longitudinal dimension is preserved most in the Drell-Yan frame
where z = 0. At larger z, the information in the longitudinal region is reduced, and
the transverse shift becomes smaller. The largest z is achieved when A; = 0 in the
longitudinal frame, in this case, z = 0.45. Plotted in (b) is the wavefunction of 7..
All light-front wavefunctions what we employ are calculated by Ref. [3] and here
we only plot the dominant spin components for the purpose of illustration. (Figure
adapted from Ref. [10]) . . . . . . . . . . .. 78

www.manaraa.com



Figure 2.19  The transition form factor of the transition V(nS) — P(nS )y of charmonia (blue
curves/shades) and bottomonia (red curves/shades), calculated with light-front wave-
functions at Nyax = Lmax = 32 basis truncation. Meson masses are taken from ex-
perimental data [2] in defining the frames according to Eq. (2.30). The solid curves
represent the Drell-Yan frame while the other curves represent the longitudinal I
(dotted lines) and II (dashed lines) frames. The shaded areas represent the results
from all other frames. The left panel shows the transition form factor at a larger
scale of ¢2, and the right panel focuses on the small ¢ region. (Figure adapted
from Ref. [10]) . . . . . . . . e 81

Figure 2.20  The transition form factor of the transition ¥4 (2S) — ¥p(1S)y Wa,¥p = V,P
or P, V) of charmonia (blue curves/shades) and bottomonia (red curves/shades),
calculated with light-front wavefunctions at Nyax = Lmax = 32 basis truncation.
Meson masses are taken from experimental data [2] for defining the frames accord-
ing to Eq. (2.30). The solid curves represent the Drell-Yan frame while the other
curves represent the longitudinal I (dotted lines) and II (dashed lines) frames. The
shaded areas represent the results from all other frames. The left panel shows the
transition form factor at a larger scale of ¢, and the right panel focuses on the
small g region. (Figure adapted from Ref. [10]) . . . ... ... ......... 82

Figure 2.21  The transition form factor of the transition V(1D) — P(1S )y of charmonia (blue
curves/shades) and bottomonia (red curves/shades), calculated with light-front wave-
functions at Npax = Lmax = 32 basis truncation. Meson masses are taken from
experimental data [2] for defining the frames according to Eq. (2.30). The solid
curves represent the Drell-Yan frame while the other curves represent the longitu-
dinal I (dotted lines) and II (dashed lines) frames. The shaded areas represent the
results from all other frames. The left panel shows the transition form factor at a
larger scale of ¢%, and the right panel focuses on the small ¢* region. . . . . . . . . 83

Figure 2.22  The transition form factors for charmonia (left panels) and bottomonia (right pan-
els) with different basis truncations. Meson masses are taken from experimental
data [2] in defining the frames according to Eq. (2.30). The solid curves repre-
sent the Drell-Yan frame while the other curves represent the longitudinal I (dotted
lines) and II (dashed lines) frames. The shaded areas represent the results from all
other frames. (Figure adapted from Ref. [10]) . . . . . .. ... ... ... .. .. 84

Figure 2.23  The effective mass spectrum of the lepton pairs in the Dalitz decays for charmonia
(left panels) and bottomonia (right panels). The dashed and solid curves represent
the longitudinal I and II frames respectively. The shaded areas represent the results
from all other frames. Am? = (my — mp)? is the square of the mass difference be-
tween the initial and the final mesons. Meson masses are taken from experimental
data [2]. (Figure adapted from Ref. [10]) . . . . . . . . .. .. ... ... ... .. 86

Figure 2.24  Diagrammatic representation of the radiative transition from a vector meson ¢, to
a pseudoscalar meson ¢p. g = P’ — P. The dashed lines correspond to the spurions.

The wavy line represents the photon and it is coupled to the quark line. . . . . . . . 87

Figure 2.25  The annihilation process for a charged pseudoscalar P* (such as #*, K* and D")
decays into a [*v; state. This diagram also indicates the process for the charge-

conjugate particleas P~ > W™ = Iy, . . ..o o 91
Figure 2.26 A neutral pseudoscalar P (such as 7, 1. and 7,) decays into two photons. . . . . . 91
Figure 2.27 A vector meson V (such as J/¢, T) decays into dileptons. . . . . . . . . ... ... 92

www.manaraa.com



xi

Figure 2.28  Decay constants of vector heavy quarkonia, calculated from Eqgs. (2.135) and (2.136).
Single (double) apostrophe stands for the radial excited 2S (3S) state. The D-wave
states are identified as n°D;. The results are obtained with Npmax = Lmax = 8
with error bars Af,; = |fee(Nmax = 8) — fee(Nmax = 16)| for charmonium, and
Nmax = Lmax = 32 with error bars Af,; = 2|f,5(Nmax = 32) — fp5(Nmax = 24)| for
bottomonium. Results from PDG [4] are provided for comparison. The right panel
shows the ratio of f(‘/lmj:il to fq/lmj:o, where the S-wave states are shown in filled
triangles and the D-wave states are shown in open diamonds. (Figure adapted from
Ref. [O].) . . . o o e 100

Figure 3.1 An illustration of a quark scattering on a nucleus in the spacetime diagram. The
quark is moving along the positive-z direction and the nucleus along the negative-z
direction. The blue line is the worldline of the quark, z = §,¢ with g, the speed of
the quark. The red band are worldlines of the nucleus, z = —f4¢ for one end and

7 = —fat + d’ for the other end. B4 is the speed of the nucleus and &’ = d /1 —,Bi

with d the width of the nucleus in its rest frame. In the ultrarelativistic limit of

Ba — 1, the red band in the diagram shrinks to a single line aligned with x* = 0. . . 105
Figure 3.2 The dependence on the transverse grid number N of the cross sections at L =

50GeV~!. The cross sections are calculated as functions of g2y with L,=50GeV~",

N, =4 and p* = co. The left panel is the total cross section and the right panel is

the elastic cross section. The solid lines are the eikonal predictions as calculated

from Egs. (3.50) and (3.55). Each data point results from an average over 100

configurations, and the standard deviation is taken as the uncertainty. . . . . . .. 118
Figure 3.3 The dependence on the transverse grid length L of the cross sections. The lattice

spacing is fixed as a = L/N = 6.25 GeV~! for these results. The cross sections

of the quark are plotted as functions of g2u at L, =50 GeV~!, N, = 4and p* =

oo. The solid lines are the eikonal predictions as calculated from Eqgs. (3.50) and

(3.55). Results for each data point are averaged over 100 configurations, and the

standard deviation is taken as the uncertainty. . . . . ... ... ... ... .... 119
Figure 3.4 The dependence on N,, of the cross sections. Parameters for those results: L =

50 GeV™!, N = 8, L, = 50 GeV~! and pt = oo. The left panel is the total

cross section and the right panel is the elastic cross section. The solid lines are

the eikonal predictions as calculated from Eqgs. (3.50) and (3.55). Each data point

is averaged over 100 configurations, and the standard deviation is taken as the

UNCEITAINLY. . . . . . v v o o e e e e e e e e e e e e e e e 120
Figure 3.5 The dependence of the cross sections on mg,. Parameters for those panels are:

N = 8,L = 50 GeV~!, L, = 50 GeV~l, N, = 4 and p* = co. The transverse

grid parameters introduce a numerical IR cutoff ;g = 7/L =~ 0.06 GeV and UV

cutoff Ayy = Nx/L = 0.5 GeV to the momentum space. The physical IR cutoff

m, should be inside the numerical range to obtain a valid result. The solid lines

are the eikonal predictions as calculated from Egs. (3.50) and (3.55). Each data

point is averaged over 100 configurations, and the standard deviation is taken as

the uncertainty. . . . . . . . . ... e e 121

www.manaraa.com



Xii

Figure 3.6 The dependence on p* of the cross sections at L = 50 GeV~! and N = 18. The

cross sections of the quark as functions of g?u for L, =50 GeV~! with N, = 4.

The solid lines are the eikonal predictions (p* = o). Results for each data point

are averaged over 100 configurations, and the standard deviation is taken as the

uncertainty bar. . . .. ... 122
Figure 3.7 The differential cross section of the gA scattering at different g>u. The tBLFQ

results are plotted as empty diamonds. The presented data are averaged over 50

events. Parameters for those panels, N = 18, L = 50 GeV~l, mg = 0.1 GeV,

L, = 50 GeV™' and N, = 4. g%u = 0.05,0.14,0.49 GeV>/? for the first three

panels from left to right. The fourth panel presents the results calculated at the

same g*u = 0.49 GeV>/? as in the third panel, but it is evaluated on the lattice of

N =18,L =5 GeV~' toreveal the large p? range. The top panels are plotted on a

linear scale, and the bottom panels are on log-log scales. The vertical dashed line

is at the saturation scale Q% = (gz,u)zL77 /(27%). LO (NLO) is the leading (next-to

leading) order expansion on Q2/ pi. ......................... 123
Figure 3.8 The differential cross section of the gA scattering with different V,,. The presented

data are averaged over 50 events. Parameters for those panels: N = 18, L =

50 GeV™!, my = 0.1 GeV, L, = 50 GeV~! and g’u = 0.05 GeV>/?. The left

panel is plotted on a linear scale, and the right panel is on log-log scales. The

vertical dashed line is at the saturation scale QE = (gzu)zL,7 /(27%) ~ 0.006 GeV?2.

LO (NLO) is the leading (next-to leading) order expansion on Qf / pi. ....... 124
Figure 3.9 The evolution of the quark’s transverse coordinate distribution. The initial state of

the quark is distributed as Ce™":"/©2L \here C is the normalization coefficient.

From left to right, the transverse coordinate distribution of the quark is shown at a

sequential interaction time calculated by tBLFQ. Parameters in those panels: L, =

50GeV™!, N, =4, my = 0.1GeV, N = 18, L = 50GeV~!, g%u = 0.486 GeV /2.

Top row: p* = co, bottom two rows: p™ = 10GeV. The second row shows the

result of a single event. The third row shows the average result of 50 events. . . . . 125
Figure 3.10  The evolution of the quark’s transverse coordinate distribution when no source ex-

ists. The initial state of the quark is distributed as Ce~":"/(02L? where C is the

normalization coeflicient. From left to right, the transverse coordinate distribu-

tions of the quark are shown at a sequential interaction time calculated by tBLFQ.

Parameters in those panels: L, = 50 GeV~l, Ny, =4, mg = 0.1GeV, N = 18,

L=50GeV™, pt =10GeV. . . . . . ..., 126
Figure 3.11  The evolution of the expectation value of the quark’s transverse coordinate at dif-

ferent p*. The initial state of the quark is distributed as Ce ™" 110207 \where C is

the normalization coefficient. From left to right, the first panel is calculated with-

out an external field while the following three panels are calculated with increasing

color charge density g?u. The results are averaged over 10 events. Parameters in

those panels: L, = 50GeV~!, N, = 4, m, = 0.1GeV, N = 18, L = 50GeV~'. . . . . 126

www.manaraa.com



Xiii

Figure 3.12  The evolution of the expectation value of the quark’s transverse coordinate at dif-
ferent lattice size with a fixed lattice spacing of @ = L/N = 5GeV~'. Parameters
in those panels: L, = 50GeV~!, Ny =4, mg = 0.1GeV, pT = 10GeV. The initial
state of the quark is distributed as Ce~:/*/(02:50GeV™1 "\where C is the normaliza-
tion coefficient. From left to right, the first panel is calculated without an external
field while the following three panels are calculated with increasing color charge
density g?u. The results are averaged over 10 events. . . . . . .. ... ...... 127

Figure 3.13  The evolution of the expectation value of the quark’s transverse coordinate at
L = 50GeV~'. The initial state of the quark is Ce™ iyl (O'ZL)Z, where C is the
normalization coefficient. From left to right, the first panel is calculated without an
external field while the following three panels are calculated with increasing color
charge density g?u. The results are averaged over 10 events. Parameters in those
panels: L, = 50GeV™!, N, = 4, my = 0.1GeV, p* = 10GeV. In the bottom

row, we impose a UV cutoff when solving the gluon field by setting A(k,) = 0 for

Kol > Apy =02GeV. .o oot 128
Figure 3.14  The evolution of the expectation value of the quark’s transverse coordinate with dif-

ferent quark mass and charge densities. Parameters in those panels: L = 50 GeV~!,

N=18,L, = 50GeV~!, N, =4, mg = 0.1 GeV, pT = 10GeV. The initial state

of the quark is distributed as Ce™ " 1P/ (O'Z*SOGSV_])2, where C is the normalization

coeflicient. From left to right, the first panel is calculated without an external field

while the following three panels are calculated with increasing color charge density

g%u. The results are averaged over 10 events. . . . . . . . . . ... ... ...... 129
Figure 3.15  The evolution of the quark’s distribution in the color space. The results are av-

eraged over 50 events. Parameters in those panels: N = 18, L = 50GeV~!,

L, =50 GeV~!, N, = 4, mg = 0.1GeV. From left to right, the first panel is

calculated without an external field while the following three panels are calculated

with increasing color charge density g?u. The top panels are results obtained in

the eikonal limit (p* = o0), the bottom row is obtained wtih p* = 10GeV. The

initial state of the quark is a single color state (¢ = 1) with space distribution as

Ce™ 1 (O'ZL)Z, where C is the normalization coefficient. The dashed line marks the

average probability of the three colors: 0.33. . . . . . .. ... ... ... ..... 130
Figure 3.16  Single-event simulation of source charges in the transverse plane 7, with differ-

ent transverse profiles. From left to right, the corresponding profiles are uni-

form, Gaussion and Woods-Saxon. See Egs. (3.58) and (3.59) and associated

text for more information. Parameters in those panels: N = 18, L = 50 GeV~l,

L,=50 GeV'and g2u=0.14 GeV>2. . . .. ... ... 131
Figure 3.17  The total and elastic cross sections at the CGC fields with different profiles. the

initial state of the quark as g, = 0.. The results are averaged over 100 events.

Parameters in those panels: N = 18, L = 50 GeV~!, L, = 50 GeV~!, N, = 4,

mg =0.1GeV, p* =10GeV. . ... ... ... 131
Figure 3.18  The differential cross sections at the CGC fields with different profiles. The initial

state of the quark is 7, = 0, . The results are averaged over 100 events. Parameters

in those panels: N = 18, L = 50 GeV~!, L, =50 GeV~l, Ny =4, mg = 0.1GeV,

pT=10GeV,and g?u =0.14 GeV>/2. . . . ... 132

www.manaraa.com



X1V

Figure 3.19  The evolution of the expectation value of the quark’s transverse coordinate at dif-
ferent profiles. The initial state of the quark is Ce™” LP/02L \where C is the nor-
malization coefficient. The results are averaged over 100 events. Parameters in
those panels: N = 18, L = 50GeV~!, L, = 50 GeV™!, N, = 4, m, = 0.1GeV,
pt =10GeV.

www.manharaa.com




XV

ACKNOWLEDGMENTS

I would like to take this opportunity to express my thanks to those who helped me with various aspects
of conducting research and the writing of this thesis.

First and foremost, I would like to express my sincere gratitude to my advisor Professor James P. Vary
for his guidance, patience and support throughout my Ph.D. study and research. His insights and words of
encouragement have often inspired me and brought joys to my research. I am very lucky to have him as my
advisor and his mentorship will benefit me for the rest of my life. I should also thank Professor Pieter Maris
for being an inspiring unofficial co-advisor to me. He is always thoughtful and willing to sit down with me
to help. Discussions with him is always fruitful and I have learned so many things from him. I also wish
to thank Professor Kirill Tuchin for his help in my research and for insightful discussions. I would also like
to thank other committee members for their efforts and contributions to this work: Professor Marzia Rosati,
Professor James Cochran, and Professor Glenn Luecke.

I would like to thank my current and previous collaborators and colleagues, from whom I have learned a
lot over the years. Dr. Xingbo Zhao, who is also a professor now, has often inspired me with his enthusiasm
in research. Dr. Yang Li has spent much time explaining many fundamental questions to me with his brilliant
mini lectures. Dr. Shaoyang Jia is always nice and insightful to discuss various questions with. I should
also thank Wenyang Qian, Shuo Tang, Anji Yu, Dr. Guangyao Chen, Dr. Lekha Adihkari and many other
colleagues for their constant help and discussions.

I also appreciate the inspiring discussions with, including but not limited to, Professor Vladimir A.
Karmanov, Professor Tobias Frederico, Professor Wayne N. Polyzou, Dr. Sofia Leitao, Professor Stanley
J. Brodsky, Professor Chueng-Ryong Ji, Professor Ho-Meoyng Choi, Dr. Matthew Sievert and Professor

Tuomas Lappi.

www.manaraa.com



XVi

Finally, I would like to thank all my families and friends, without whom I would not be able to complete
this study. Especially thanks to my parents for supporting my interest in physics over the years and to my

husband for encouraging me during my hardest days.

www.manharaa.com




XVvil

ABSTRACT

We investigate quantum chromodynamics (QCD) in the non-perturbative regime with the light-front
Hamiltonian formalism. Our explorations are from two aspects, the hadron bound states and the high energy
scatterings.

We first study the heavy quarkonia system within the basis light-front quantization approach. We review
solving the heavy quarkonium system in the valence Fock sector with effective Hamiltonian, and discuss
how one could extend the framework to higher Fock space. We then study the properties of heavy quarkonia
through electromagnetic processes, via elastic form factors, radiative transitions and decay constants. We
investigate the effect of different current components, different magnetic projections of the states and differ-
ent reference frames in the valence Fock sector calculation on the light front. We suggest preferred choices
based on our analysis, and carry out numerical calculations of those quantities with the valence light-front
wavefunctions. Comparisons are made with experimental data and other theoretical calculations.

We also apply the light-front Hamiltonian approach to a time-dependent problem, the quark nucleus
scattering. We carry out an explicit evolution of the quark by decomposing the time-evolution operator into
many time increments. We calculate the scattering cross sections and study the evolution of the quark in
the color space and the coordinate space. We reveal interesting sub-eikonal effects on the quark’s transverse
location.

Those studies also show exciting possibilities for future applications of QCD bound states and time-

dependent problems in the non-perturbative quantum field theory.
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CHAPTER 1. INTRODUCTION: QUANTUM FIELD THEORY ON THE LIGHT
FRONT

Solving quantum field theories from first principles is the key to addressing fundamental questions such
as ‘what is matter made of?’. This thesis addresses the non-perturbative approach to quantum field theories
within the light-front Hamiltonian formalism, with two different but related investigations, the hadron bound
states and the high energy scatterings. This chapter provides the necessary background information of

quantum field theory in the light-front Hamiltonian formulation.

1.1 Quantum field theory

Quantum field theory arose out of the confluence of special relativity and quantum mechanics. To quote
from A. Zee in his book of the quantum field theory [16], “quantum field theory was born of the necessity
of dealing with the marriage of special relativity and quantum mechanics, just as the new science of string
theory is being born of the necessity of dealing with the marriage of general relativity and quantum mechan-
ics.” In the quantum field theory, particles are treated as excited states (also called quanta) of their underlying
fields. Interactions between particles are described by interaction terms in the Lagrangian involving their
corresponding fields. A physical field can be thought of as the assignment of a physical quantity at each
point of space and time. Quantum field theory is therefore a tool that one can use to apply to any particular
theory of particles.

There are four fundamental interactions of nature, namely, the electromagnetic, the weak, the strong and
the gravitational interaction. The Standard Model of particle physics is the theory describing the first three
of them in a unified framework. An interaction is described as an exchange of bosons between the objects
affected, such as a photon for the electromagnetic interaction and a gluon for the strong interaction. In the
Standard Model, the electromagnetic and the weak interactions are described uniformly as a Yang—Mills

field with an SU(2)x U(1) gauge group. The strong interaction is described by a Yang-Mills theory of the
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SU(3) gauge group, known as quantum chromodynamics (QCD). The fundamental particles of the strong
interaction are quarks and gluons, which make up composite hadrons such as the proton, neutron and pion.
The basic fermions are quarks in three different color states, forming the fundamental representation of the
SU(3) group. The gauge bosons are gluons in eight different color states, forming the adjoint representa-
tion of the SU(3) group. QCD exhibits two main properties, color confinement and asymptotic freedom.
Color confinement is the phenomenon that color charged particles (such as quarks and gluons) cannot be
isolated, and therefore cannot be directly observed. Quarks and gluons must clump together to form color-
less (color singlet) bound states, hadrons or glueballs. This is a dynamical property and cannot be obtained
from perturbation theory. Asymptotic freedom is a property that causes interactions between particles to
become asymptotically weaker as the energy scale increases and the corresponding length scale decreases.
This property allows the perturbative calculations at high energies. The main tool of the perturbative cal-
culations are the Feynman diagrams, where one expands the path integral in an increasing power of the
coupling. However, such method breaks down for strong coupling regime. Non-perturbative treatments of
QCD are required to address those most challenging and exciting problems of nuclear physics, including the
confinement, the dynamical chiral symmetry breaking and the properties of QCD bound states.

Our investigation of the non-perturbative QCD uses the light-front quantum field theory. The quan-

O + x* (see conventions of the light-front coordinates

tum states are defined on the light-front time x™ = x
in Appendix A.1). Diagonalizing the QCD Hamiltonian directly provides the hadron spectrum and wave-
functions. The wavefunctions encode the information of the internal structures of the bound states, and
observables can be obtained by evaluating the associated operators on the states. This formalism could also
generate real-time evolution of quantum fields, which could be applied to study high energy scattering pro-
cesses. There are also many other non-perturbative approaches to solve the quantum field theory, including

effective field theories [17], QCD sum rules [18], lattice QCD [19, 20], and Dyson-Schwinger equations

(DSEs) [21, 22, 23, 24, 25].
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1.2 Forms of relativistic dynamics

Since quantum field theory is formulated to reconcile quantum mechanics with special relativity, let us
first study how symmetries like Lorentz invariance appear in quantum setting. In particular, we would like
to combine the principle of relativity with the Hamiltonian formulation of dynamics.

Einstein’s principle of relativity requires that physical laws shall be invariant under transformations from
one space-time coordinate system to another, or in other words, invariant in all inertial frames of reference.
The whole group of the transformations is the inhomogeneous Lorentz group, also known as the Poincaré
group. Quantum theory postulates that physical states are represented by rays' in Hilbert space. Therefore
we need to implement a representation of the Poincaré group. The Poincaré algebra is the Lie algebra of the

Poincaré group, and it is given by the commutation relations:
[P, P"] =0,
[P*, M) = i(g"* PP — g"PP?), (1.1)
(MM, MP7] = i(g"T M — g"" MM + g"P MMT — ghP M7
It has ten generators, four generators of translations P* = (P°, P!, P2, P) and six generators of Lorentz
transformations M*’. The latter can be further split into the three generators of rotations J! = 1/2€% Mk
and 3 generators of boosts K = MY, The cyclic symbol €/ is 1 if the indices ijk are in cyclic order, and 0
otherwise.

In quantum mechanics, and also in the quantum field theory, the dynamical evolution of a quantum state

satisfies the Schrodinger equation,

i 0) = HIWO) (1.2)
For stationary states,

() = e y(0)) (1.3)
and it leads to the bound-state equation

Hy(0)) = E |[y(0)) (1.4)

L Acray-is-a-set-of-normalized-vectors.differed by multiplying an arbitrary scalar of unit magnitude [26].
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where E is the bound state energy. Though in its original form the time ¢ is the regular time, there are
actually multiple choices of the time variable as a foliation of spacetime®. P. A. M. Dirac brought up three
forms of relativistic dynamics, namely the instant form, the point form, and the front form [28].

In the instant form, one works with dynamical variables referring to physical conditions at some instant
of time, x°. The Hamiltonian is P°. The transformations of coordinates associated with the momenta P!, P2,
P3 and the rotations J!, JZ, J3, leave the instant invariant, and are thus kinematic. The energy PO, and the
boosts K!, K2, K* are dynamical. The instant form seems most intuitive since its time variable is the regular
time. Although it is the conventional choice for quantizing field theories, it has many disadvantages. The
experiment determining the wavefunction ¥(z, X) solved from the evolution equation of Eq. (1.2) requires
the simultaneous measurement of all positions of the state. A more practical experimental measurement
scatters one plane-wave laser beam, and the signal reaches each part of the object at the same light-front

0

time x* = ¢ + z/c (this is the same with the definition x* = x° + x> with the unit ¢ = 1).

The point form of dynamics describes physical conditions on the three-dimensional surface, T = /x*x, — a? =

V(x0)2 — (x1)2 = (x2)2 = (x3)2 — a? with x° > 0. The energy P°, and the momenta P', P2, P? are all dynam-
ical. The kinematic group consists of the boosts K', K2, K3 and the rotations J', J%, J3, which leave
the origin point invariant. The point form of relativistic quantum mechanics has been advocated as an ap-
propriate framework for calculating the electroweak structure of mesons and baryons within the scope of
constituent-quark models [29, 30, 31].

The front form considers the three-dimensional surface in space-time formed by a plane wave front
advancing with the velocity of light. The theory describes physical conditions at some constant light-front
time x* = x* + x3. The front form has the largest number(seven) of kinematic generators that leaves the
light front invariant. They are, the transverse momentum P!, P?, the longitudinal momentum P* = PO+ P3,
the transverse boosts E' = K! + J2, E2 = K2 — J!, the rotation in the x-y plane J3, and the boost in the
longitudinal direction K3. The remaining generators {P~ = P° — P3,F! = J' + K2, F? = J> - K} are

dynamical. P~ is the light-front Hamiltonian. It is usually convenient to use the light-front coordinates

By foliation it means that the manifold of spacetime is decomposed into hypersurfaces and there exists a smooth scalar field
(the “time”) which is regular in the sense that its gradient never vanishes, such that each hypersurface is a level surface of this scalar
field. See more discussions on foliation in Ref. [27] for more discussions.
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when implementing the light-front dynamics. We include the conventions of the light-front coordinates in
this thesis in Appendix A.1.

A visualization of the “time” in these three forms is presented in Fig. 1.1. Be aware that there also

exists two other forms of dynamics, with the time defined as 7, = +/(x%)2 — (x3)2 — a2 with x° > 0 and

7. = (x9)2 — (x1)2 = (x2)2 — a2 with x° > 0 respectively, though they have a rather small kinematical

group and are not commonly used [32].

(a) instant form (b) front form (c) point form

Figure 1.1 “Time” in the three forms of dynamics. The gray cones are the reference surfaces of the
light cones, t = /(x9)? + (x3)2. The equal-“time” surfaces are in red. In (a), the instant
form, time is defined as x° and the shown equal-time surface is 1% = 0. In (b), the front
form, time is defined as x* = x” + x* and the shown equal-light-front-time surface is

x* = 0. In (¢), the point form, time is defined as 7 = /x/‘xﬂ — a2 with x° > 0 and the
shown equal-point-time surface is 7 = 0.

The investigations carried out in this work employ the front form. The quantum field theory quantized
on the light-front surface x* = 0 is the light front quantum field theory. In the following section, we will

carry out the canonical quantization of the QCD on the light front.

1.3 Light front quantum field theory of QCD
The strong interaction between quarks and gluons is described by QCD, and its Lagrangian reads

1 vV a N1
Locp = =7 F*uFfy + ¥(iy" Dy — m)¥ . (1.5)
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A is color vector potential, with the gluonindex a = 1,2,..., 8. The quark field ¥, ., carries the Dirac index
a=1,2,...,4 and the color index ¢ = 1,2, 3, which are usually suppressed in expressions like @y“Dﬂ‘I’ =
@Cy”(Dﬂ)CCf‘PCu m = ml3 = md.~ is diagonal in color space. The vector potential can be parameterized
as (Ay),. = T;‘C,AZ by the color matrices 77, and its matrix form can be found in Appendix A.7. F =
HAY - Al —g f“bcAgAZ is the field tensor, and D* = 9§13 + igA* is the covariant derivative. We follow the
convention of the covariant derivative from Ref. [33], such that g is the chromo-electric charge of the anti-
fermion. Note that there exists another widely used convention that assigns g to the chromo-electric charge
of the fermion instead [34]. The structure constants f%¢ are complete anti-symmetric, f¢¢ = fe@ = — facb,
In the following derivations, we will drop the identity operator in the color space, I3, for simplicity. We
present the canonical Hamiltonian obtained from the QCD Lagrangian, and we leave the details of the
derivation in Appendix B.

The QCD Lagrangian is a functional of the twelve components A*, ¥,, ¥, and their space-time deriva-

tives. The equations of motion are the color-Maxwell equation,
0, F = gJ*,  with the current densityJ* = fmCFZ”AZ + Py T (1.6)
and the color-Dirac equation,
|17y + igAy) - m]| ¥ =0 (1.7)

We take the most convenient gauge choice in light-front quantization, the light-cone gauge A* = 0 [35, 36].
The + component of Eq. (1.6) does not contain time derivatives, making A~ a constrained variable. From
the fermion equation of motion of Eq. (1.7), we could also identify the projected component ¥_ = A™Y
(see definitions of the projection operators A* in Appendix A.1) as a constrained variable. The dynamical
degrees of freedom are ¥, = A*Wand A; (i = 1,2).

The Hamiltonian density is obtained through a Legendre transformation,

P =0+ ADILL + (0, PTG, + (aﬁ)ng -L, (1.8)
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where the generalized momentum fields are IIf = 6§.L/6(0«¢,). The light-front QCD Hamiltonian P~ =

2P, =2 [ dx, d%x, P, is then derived as,

1 1. .m*>=V?
_ ) . 2
Poep = f dx~ d%x, { - EAé(le) A+ z\yy+w—+l\y

— gf I ALALAC + gTTAY + g Py A
_ 1 2 g+ 1 Jt 4 g_zfabcAi AjfaefAeAf 4%
2g a (8+)2 a 4 bc i‘%j
2 +
8 Gix Y
+ ?\P’ylAlla—_'_’y]Aij} .

The two terms in the first line are the kinetic energy for the gauge field and the fermion respectively. The
three terms in the second line can be written collectively as gJ4 A%, which include the three-gluon-interaction,
the gluon emission and quark-antiquark-pair-production processes. The two terms in the third line are
the instantaneous-gluon-interaction and the four-gluon-interaction respectively. The last line contains the

instantaneous-fermion-interaction. The vertex diagrams for these interactions are shown in Fig. 1.2

=——000000"
> > 000000 ——>=
(a) The three- (b) The gluon emission, (c) The four- (d) The instantaneous-
gluon _interaction, gPy*A Y gluon interaction,  quark-interaction,
—gf“h"a"AflAf’A; l/4g2f"b"A2Aif""fAfA§ 1/2g* Py A; ifa—+y~fAj‘I‘

~%~ rgrw/m

(e) The instantaneous-gluon-interaction, —1/2g>J; p oi)Z Jr

Figure 1.2 Vertex diagram representation of the light-front QCD Hamiltonian in Eq. (1.9). The
solid lines represent the quark operators, and the curly lines represent the gluon opera-
tors. The instantaneous quark (gluon) propagator 1/(id%) [1/(8%)?] is represented by a
quark (gluon) line with a bar across it.

www.manaraa.com



The fields for QCD admiit free-field expansions at x* = 0 [33],

d’p, ip gt »
Woer(x) = Z f (2” )32” —0(p") | by(PIualp, Ve~ P + dl(PIvalp, V™| (1.10)
dsz_ dp + —ip-x T * ip-x
At = Y [ SEE oS00 ey, Ve e D] (L11)
A==%1

where 6(p*) is the Heaviside unit step function. @ denotes the spinor components of ¥, and y denotes the
vector components of A. A is the light-front helicity of the corresponding field (1 = +1/2 for quarks and
A = =1 for gluons). ¢ = 1,2,3 and a = 1,2,..., 8 are the color indices of quarks (antiquarks) and gluons
respectively. g contains the quantum numbers of single particle state, for fermion ¢ = {4, ¢, f(flavor)} and
for gluons g = {4, a}. The creation and annihilation operators obey the commutation and anti-commutation

relations. For gluons,
[a1a(p). )y, (P)] = 290" )27 6 (p = PV rr B - (1.12)
where 8*(p — p’) = 8(p™ — p’*)6*(F. — P,). For quarks and antiquarks,

(bacr(p), bl (P} = 29" 0(p "))’ 6> (p = P VorwSceb 5

(1.13)
(dacr(p). Yy (P} = 29" 0I5 (p = pIorwSce b -
All the other commutation and anti-commutation relations vanish,
[a1a(P), @ (P)] = {bacr(p), bae (P} = {dacy(p).dye p (P} = {lucf(p), e ,f,(p')} =---=0. (1.14)

The anti-commutation relation for the fermion fields follows as

d’p, dp* fdzkl dik* : 0
ac lIJ £ b ,b ’ k 104 ,/l k,/l
(Pacr(0), ¥, () %" f syl Brsre | (b4 b} Gt 0, D, V1)

P 1A d ) (p), dy (R)va(p. DIF(g, A’)y‘)],;e"’”“”"y]

- ¢p. dp* . DD i) . Dy Vi)
Z f Gz 1PV DY v, 30 0y bty

— dsz- p [( m) e —ip-(x=y) +( — m) Oeip'(x_y>:| Op O f 1
o [ e )
(1.15)
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The commutation relation for the dynamical components (i = 1, 2) of the gluon fields reads

d>p, dp* [ &%k, dk*
Aia(x), AT f f
[Aia(0, AT, 001 = ) o2 ) G

v

+ [aT(p)’ ay (k)€ (p, Dej(k, /l')eip'x_ik'y]

[ay(p), a), (K)]e(p, Ve (k, )™+

d’p, dp* . , (1.16)
_Zf Q) 2p* &P, D€} (0, Ve + € (p, Dej(p, Ve | 816
&pydp* o
) 2p*

1.3.1 Fock space representation

The Hilbert space for the single-particle creation and destruction operators is the Fock space. The Fock
space can be decomposed into sectors with n Fock particles, in which the number of quarks, antiquarks and
gluons, N, N and N, respectively and n = N+ N+ N. Fock states can be defined in terms of the eigenstates of
the free-field Hamiltonian, i.e., the light-front kinetic operator, and can be obtained by applying the creation
operators on the Fock vacuum |0). The hadron state vector [,,(P, j,m})) can be expanded in the Fock space.

We use j as the total spin of meson and m; as its magnetic projection. In the single particle coordinates, it

reads
+ + + 33 _
(P, jom;)) = ZO f ]_[ (w 2 — L 2P (P 6 (kt + iy + o+ iy — P)
(1.17)
x Z ks iDe! | () cl L () 10)
{l;,s;}
where i is the index of the Fock particle, and it takes values of i = 1, ..., n for the n-particle sector. cf (i)

is the creation operator for the corresponding constituent (quark, antiquark or gluon). «; is the momentum,
and each particle is on its mass-shell Kl-2 = ml2 [ is the color index, and s is the spin projection of the particle.
2.(1,.5; means the sum of all color and spin arrangements in the string of the creation operators resulting in a
sum over a unique set of creation operators with the restriction of producing color-singlet projected states.
The construction of the global color singlets for multi-particle states can be found in Ref. [1]. We suppress
flavor indices but they can be included in a straightforward manner. lﬁ( / )({K,, si, [;}) are the projection of the

physical states to the Fock states, called the light-front wavefunctions (LFWFs).
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In the relative particle coordinates, we define

el

xisP—;, K, =&, —xP, . (1.18)

. . . - .
x; are known as the longitudinal momentum fractions; k;, are the relative transverse momenta. They are

independent of the total momentum of the bound state, and satisfy 0 < x; < 1, )" x; = 1 and }, l?,- 1= 0. The

hadron state vector now reads,

dx; d?k; L )
Wh(PJ,m]))—Zfl_[ ’ Ll2(27r)36(x1+x2+---+xn—1)62(ku+k2l+...+km)

(2m)*2x
(1.19)
x 3 i, i si el | Pt R+ Py el (Pt Ry + 1,PL)10)
{l;,s:}
with the LFWFs ¢(m’) ({x,, i1, i, 1;}) in the relative coordinates.
The hadron state vector is normalized as,
WP, jomplw (P, s m')y = 2P OP*)2r) 6> (P = P, 6O - (1.20)

Then the normalization of the LFWFs reads,

dx; ki, i
Zf]_[ (;‘ N 2(2n)35(x1 tot 2y = DR+ Kn) Y

{l;,s:}

. - 2
v (i e s b =1 (121

For practical calculations, the infinite Fock space needs to be truncated. For heavy quarkonium, the valence
quark (g) + antiquark (g) Fock sector |¢gg) makes the leading contribution, and is followed by higher Fock
sectors which could include a gluon (g) such as |ggg) as well as [ggqg). The order of the higher Fock sectors
to include in calculations is related to the description of the model and the specific problem. In solving
the meson bound states from the light-front QCD Hamiltonian, it is natural to include the |ggg) sector
besides the valence sector, such that the quark-gluon interaction from QCD could be directly implemented.
However, in the cases of the radiative transition such as J/yy — n. + y* and the strong decay such as
w — 't + 77, it is essential to take into account the |¢gqg) sector since the |¢gqg) — |qg) term would make
nontrivial contributions. We will write out the light-front wavefunction representation in both the |¢g) space
and the |gg) + |9gqg) space where we anticipate adopting effective interactions to account for the exchange

of gluons.
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* |94
The projection of the quarkonium state on the |gg) sector reads,
d? + 42
qu dk} dkz.
hag(P, j,m q—9k+ 2P O(P)(2m)* 8 (ky + kg — P
gz (P, j,mj)) = Zf(2)32k+ q)f(2)3 (k2P 0(P*)(27m)*8%( )

(m;)

sg/hacq,kq>b1,.<k1>d;.<kz> 0) (1.22)

d; dquLP )
s,5 q

kg (kg) is the momentum of the quark (antiquark) and s (5) is the spin projection. In the |gg) sector, it is
convenient to decouple the color configuration from the spatial and spin parts of the LFWFs. Here we
write the color singlet configuration of the ¢g state, 1/ V3(rF + gg + bb), explicitly with color index i
and N, = 3 in the above equation. wm /h(kq’ k) contains the spacial and spin parts of the wavefunction.

In terms of the relative momenta,

-

. ki=ky —xP, . (1.23)

=
1
|

The quarkonium state reads,

. I d ki (m,
Ihqq(P,J,mj)):Z fo . l"_ - f S

(1.24)
(xPJr kl + xPL)a’T (1 =x)P", —kl +(1- x)Pl) |0) .
The normalization relation of the valence LFWF tﬁ(m’ )(k 1, X)1s
1
dx d%ky )+ (m;))

(R, x ’k, = O O Oty - 1.25
Zfo Zx(l_x)f(z 5t R W02 0) = O S (1.25)

The normalization relation of the hadron state vector follows as
(hgg(P, jymlhyg(P', j'sm’)) = 2P 2r)*6> (P~ P')ohiy Syt 65 - (1.26)
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* lgq) + 19q93)

The projection of the quarkonium state on the |¢g) + |ggqg) space reads,

Py dk? &k -
\hgaqq(P, Jsmj)) = Zf (2n )32k+ q)fme(k+)2P+0(P+)(27r) 07(kq +kz — P)

Z U kg k)b k) (kg 10)

czl

k+ 2
fl_[ Qr )32k+ 0(k+)2P+0(P+)(27T)363(k1 +ky+k3y+ks—P)

x 3 g™ kbt Gend!, (bt ) (Ka)10)

{l;,s:}

d kJ_ (mj) 7
_Zf 2X(1—_x)f(2 )3'7[’”/;,( 1, X)

(P k. +xP)di((1 - 0P~k + (1 - x)P)|0)

f n‘é‘;;if;tzamz )0 (S

X Z p " (R, i Db, (i Pk + xlﬁl>d§2h<x2”+”3u +x2Py)

51528384/h
{l;,s:}

solp s3l3 S4ly

X BT (3P Ksy + x3P)d] (xaP* Ray + x4PL)(0) .
(1.27)

The LFWFs in the |gg) and the |ggqg) sectors are written as 1//( _/Zl(k 1,Xx) and z,b(mj) ({I?i 1, XD,

518525354/

respectively. Note that the valence part of the LFWF in this case, wgg/j;l(lg 1, %), is different from the
LFWF solved in the sole valence sector as in Eq. (1.22). The normalization relation of the physical
state as in Eq. (1.20) now contains two contributions, one from the |gg) sector and the other from the

lggqq) sector. The entire LFWF on the |qg) + |qgqg) space is normalized as

I‘Zf 2x(1—x)f n )3 sk o
T rno (S )67 (S ) 3
(277)32xl : =

{Li,si}

(1.28)
(mj)

S18525384/h

> 2
({kiJ_’ Xis ll})
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1.3.2 The light-front Schrodinger equation

In light-front dynamics, the quantum state of the system is defined at fixed light-front time, x*, and its

dynamical evolution satisfies the Schrodinger equation,
) = 2P ) (1.29)
Ox* 2

P~ is the Hamiltonian that is conjugate to the light-front time x*. |¢) is an expansion in multi-particle occu-
pation number Fock states, as we have discussed in Section 1.3.1. It could admit explicit time-dependence
in general, as is typical for a system interacting with a background field. The problem could then be solved

with given initial conditions.

) .
W) = Toexpl3 [ a2 P Eo) (130)
This is, however, a nontrivial task, since one would need to deal with the time-ordered integral. In the
perturbation theory, one would expand the time-ordered exponential into series and only keep the first few
terms. Such treatment would become less amenable for interactions with strong fields. It is of our interest
to solve these problems in the non-perturbative regime. We decompose the time evolution operator into
many small steps in light-front time x*, and calculate the evolution of the state step by step. In doing so,
we are able to access the intermediate states during the evolution, and reveal non-perturbative effects. This
approach is known as the time-dependent Basis Light-Front Quantization (tBLFQ), and it is first brought
up in 2013 where it was applied to solve a strong background field QED problem, the non-linear Compton
scattering [37]. It is then followed by another investigation, the interaction of an electron with intense
electromagnetic fields [38]. We will discuss the general procedure of the tBLFQ approach, and make its first
application to a QCD problem, the quark-nucleus scattering, in Chapter 3.
For the investigation to the relativistic bound states, the Lagrangian does not have an explicit time
dependence, Hamiltonian eigenvalue equation reduces to,

P2
M? + P?

P ly) =P |¢),with P~ = e

(1.31)

The eigenstate can be labeled with six quantum numbers, the invariant mass M, the longitudinal momen-

tum. P the transverse-momentum P , the generalized total spin j and its longitudinal projection m; (cf.
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Eq. (1.17)), as
Wy = s M, P*, By, j,m;) . (1.32)

Solving Eq. (1.31) directly produces the mass eigenvalues M and the wavefunctions of the eigenstates. This
is much easier than solving the instant form eigenvalue equation. First, the square-root operator in the instant

form, H = VM2 + P2, is replaced by a simpler dispersion relation. Second, we have P* > 0 by its definition

Pt =P 4+ P = \/ M? + P2 + (P3)2 + P? for massive quanta. This is crucial since it makes the light-front

vacuum trivial, for which P?

v = 0. To form a zero-momentum state, each of the Fock particles must have

vanishing & so that P* = ), k' — 0, the Fock space vacuum |0) is then an exact eigenstate of the full light-
front Hamiltonian. In contrast, in the instant form, the zero-momentum state (f’ =>u Ea = 6) consists of an
arbitrary number of Fock particles with either positive or negative components of l?u, so the physical vacuum
is very complicated. This makes it difficult to interpret the eigensolutions of the instant form Schrodinger
equation. One might already notice that for QCD, with massless gluon quanta, it is possible to have a zero-
momentum state (P* = 0) which is not zero-particle. This is known as the zero-mode. The curious readers
of the light-front vacuum and zero modes are encouraged to read Chapter 7 of Ref. [33].

In the Fock space representation, the Hamiltonian eigenvalue equation, Eq. (1.31), becomes a matrix
equation. A variety of methods have been developed to solve the eigenvalue equations, such as the trans-
verse lattice [39], the similarity transformations [40], the coupled integral equation approach [41, 42]. The
Discretized Light-Cone Quantization (DLCQ) uses the discretized momentum basis [43]. The discretiza-
tion is achieved by imposing periodic (usually for bosons) or anti-periodic (usually for fermions) boundary
condition in the coordinate space of a finite volume. Explicitly, -L < x~ < L, -L, < xl, x> < L, and
the normalization volume is Q = 2L(2L, )?. There is a corresponding discrete grid in the momentum space:
p* = nn/L, p, — (nym/L,nyn/L). One expands the quantum fields into plane wave states e ¥, Egs. (1.10)

and (1.11) become

1 . .
(%) = - - —ipx | gt ipx
Woer(x) = ) LOL |bytte(p. Ve + dlva(p, D] (1.33)
q

I i i
A9 = ) STOL |ageu(p. D + dle(p. ) e (1.34)
q
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where g contains the quantum numbers of single particle state, {n, n', n%, A, c(color), f(flavor)}. In practical
calculations, both the Fock space and the discretized momentum basis are truncated, and the eigenvalue
equation is solved by diagonalizing the Hamiltonian matrix numerically. There have been a number of
successful applications to field theories in two or more dimensions of the DLCQ approach [44].

Basis Light-Front Quantization (BLFQ) generalizes the discretized momentum basis of the DLCQ ap-
proach to any complete and orthogonal basis [1]. To put it explicitly, if fi(p™) and g;(7.) are the basis
functions, we can expand the field operators of Eqs. (1.10) and (1.11) on the basis as

by(p*, B1) = ) bafip™g(BL) - (1.35)
i.j
where g is the shorthand for the set of quantum numbers with i and j. Optimal choices of the basis func-
tions usually preserve the symmetries of the Hamiltonian and approximate the eigenstates, so as to achieve
efficiency for numerical computations.

The BLFQ approach has been applied to solve a range of QED and QCD problems with success. The
QED applications include the positronium [45], the electron anomalous magnetic moment [46] and electron
generalized parton distribution [47]. The applications to QCD include the heavy quarkonium [48, 3], the
unequal mass heavy mesons [49] and the charged light mesons [50]. There are also other works in process,
including the heavy-light system, the light mesons, the baryons and the glueballs [51, 52]. We will discuss

the BLFQ approach in more details, with its application to the heavy quarkonium in Chapter 2.
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CHAPTER 2. BASIS LIGHT-FRONT QUANTIZATION APPROACH TO BOUND
STATES

In this chapter, we study the QCD bound-state systems in the Basis Light-Front Quantization (BLFQ)
approach. In particular, we investigate the heavy quarkonium system. We review the formalism for solving
the quarkonium system with the effective Hamiltonian approach and the application in the |gg) sector. Then
we extend the framework to the |¢g) + |gGqg) sectors. We further study the properties of the quarkonium
through electromagnetic processes, via calculating the elastic form factors, the radiative transition form

factors and the decay widths.

2.1 The heavy quarkonium

Heavy quarkonium is the bound-state system of quark-antiquark pair, and it is often dubbed as the
“hydrogen atom” of Quantum Chromodynamics(QCD) though it has a closer kinship with positronium. It
provides an ideal testing ground for various investigations to understand QCD [53].

The quarkonium state |i/;,) is an eigenstate of the light-front Hamiltonian, and satisfies

Hrr W) = Mi ) 2.1

where Hyp = Pt P‘+I33 is the light-front Hamiltonian and M}, is the mass of the bound state. Each eigenstate
[,y can be labeled with six eigenvalues, Mj,, P*, P, the total spin j and its longitudinal projection m;.
Projecting the Hamiltonian eigenvalue equation of Eq. (2.1) onto the Fock space results in an infinite
number of coupled integral eigenvalue equations. The solutions of these equations consist of the spectrum
and the corresponding wavefunctions, which could fully describe the bound state system. Fock states can

be defined in terms of the eigenstates of the free-field Hamiltonian, i.e., the light-front kinetic operator, and
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can be obtained by applying the creation operators on the Fock vacuum |0):

Qo =97 : kF.Kiv, Ai) = b}, (ki)' (k2) [0)
Q1 = lggg : k. ki, i) = b}, (k)d) (kp)a, (ks)[0) 02
02 =199 : K} .kiv. 4i) = b (ki)d) (k)b (k3)d, (ks)10)

For convenience, we have labeled the various Fock states with index n = 1,2, .... Each Fock state O, is an
eigenstate of P* and P, , satisfying P* = ik and B, = Zila.
In practical calculations, only a finite number of the leading Fock sectors are considered. The eigenvalue
equation, Eq. (2.1), can be written explicitly on the finite Fock basis truncated as,
N
ZHijlwpzM%llﬂQ foralli=1,2,...,N. 2.3)
j=1

We define the block matrices H;; = Q;H;rQ;, and the projected eigenstates |;) = Q;[¢,). One could
then proceed to solve the coupled matrix equations in Eq. (2.3). The resulting eigenstate can be written as
Wy = 2o [ dUG1Qn ).

Even with a finite truncation scheme, solving the Hamiltonian matrix becomes a major challenge in
numerical calculations with increasing number of Fock sectors. Could we include the physics from higher
Fock sectors while carrying out the calculation at a smaller feasible Fock space? A well known and widely
used method is the effective interactions. In field theories, it was first introduced by I.Tamm [41] and redis-
covered by S.M.Dancoff [42] to describe the two nucleon forces. It reduces and solves the field equations
according to the number of Fock particles.

Although the Tamm-Dancoff approach was applied originally in the instant form, we can derive it anal-
ogously in the front form. The Fock space could be arbitrarily divided into two parts, namely the P-space
and the Q-space. By choosing a specific partition, we wish to formulate an effective potential acting only in
the P-space but including the effects generated by the Q-space. The Hamiltonian matrix equation, Eq. (2.3),

can then be rewritten as a coupled matrix equation involving the block matrices H,s = (a|Hpr|8) and the
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projected eigenfunctions |y;,), = {(al¥n) with (o, = P, Q):

HppW)p + Hpo W)g = wl)p (2.4a)

Hop)p + Hoo lW)g = wl)g - (2.4b)

The mass eigenvalue is unknown at this point, and it is written as w = M}zl in the above equations. One can

express the Q-space wavefunction |:,bh)Q in terms of the P-space wavefunction |if;,)p from Eq. (2.4b) as,

1
W) = w_—QHQP e (2.5)

Ho
Plugging it into Eq. (2.4a), we arrive at an eigenvalue equation with an “effective Hamiltonian™ acting only

in the P-space:

Her)p = wW)p (2.6)

with

1

Het = Hpp + Hpg————
w — HQQ

Hop . 2.7)

We can see that the effective interaction contains two parts: the original block matrix Hpp, and a contribution
where the system is scattered virtually into the Q-space and then scattered back to the P-space.

One key problem now is to compute the energy denominator (w — HQQ)‘I, since the value of w is
unknown before solving the equations. One could start with some fixed value of w as the “starting point
energy” and calculate Mﬁ (w) from the eigenvalue equation. The true eigenvalues are determined by varying
wuntil w = Mﬁ(w) [54, 55]. This procedure, involving inverting a Q-space matrix, however, does not seem
to reduce the numerical work of diagonalizing the (P+Q)-space matrix directly. An alternative way is to
substitute the eigenvalue w by T*, the average kinetic energy of the initial and final P-space states [56]. The
idea is to reduce the matrix w — Hypp to its dominant term as a c-number. The Q-space matrix Hpo splits
into a diagonal kinetic term Tgp and an off-diagonal interaction term Ugp. The inverse matrix could then

be written as

1 1
w-Hpg T*—Tgo-U(w)

SUW)=w—-T" = Upg . (2.8)

In the case of a sufficiently small §U(w), the energy denominator can be approximated by the kinetic energy

I =T oomwhichnodongerdepends on the energy eigenvalue.
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2.1.1 Heavy quarkonium in the valence Fock sector

In solving bound state systems with effective Hamiltonian approaches, the simplest P-space one can
choose is the valence Fock sector. For heavy quarkonium, constituent quark models have shown reasonable
first approximations in non-relativistic potential models [57, 58]. In the following, we illustrate the formu-
lation of the effective Hamiltonian in the valence Fock sector by choosing Qo = |¢g) as the P-space and

01 = |qgg) as the Q-space. The eigenvalue equation now reads (signifying the Q; by its index i’ in the

following),

(Hoo + Hoyy Hlo)lllo = wyy . (2.9)

w— Hyy
We can write the Hamiltonian as a summation of the kinetic energy and the interaction operator, H = T + U.
The diagonal block H;; contains T;; and Uj;, and the off-diagonal block is H;; = U;;, (i # j). The interaction
matrix U is illustrated in Table 2.1.
Table 2.1 The interaction matrix U for a meson in the Fock space |¢g) +|ggg). The matrix elements
are represented by diagrams. For each diagram where the gluon couples to the quark,

there also exists a corresponding diagram with the gluon coupling to the antiquark. Dia-
grams in the red frames are excluded by gauge cutoff, see details in the text.

Qﬂ

sector

Qo = {44l % / % i S
= O

01 = {qqgl —

Qo = 19q) 01 = lqqg)
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We first focus on the denominator of the second term in Eq. (2.9). To maintain the gauge invariance in the
truncated Fock space, we implement the “gauge cutoff” formulated by Tang, Brodsky, and Pauli [59], that
is, the instantaneous parton graph is only retained if the corresponding propagating parton graph contributes
in the truncated theory. As a consequence, some instantaneous interactions in Ugyy and Uy are excluded.
For example, the left diagram in the second row of U;; should not be considered since the corresponding
|gggg) sector is absent in the model. Those excluded terms are marked with red frames in Table 2.1. The
second diagram in Uy also vanishes for another reason: zero for the color factor. We further adopt the
approximation 6U(w) = 0 in Eq. (2.8), i.e. U;; — 0. In principle, this approximation can be improved
systematically by performing an expansion in 6U(w) and retaining terms order-by-order in that expansion.

The energy denominator now reduces to 7* — 7.

k.s.c k' s

kose K. k,s,ﬁ%k’,sﬁc’

Figure 2.1 Iterated interactions generated in the two-body effective interaction. The top two panels
are the gluon-exchange diagrams. The bottom two panels are the fermion-self-energy
contributions. Each fermion lines are labled by its momentum (k), spin (s) and color

().

The first term in Eq. (2.9), Hyg, contains an instantaneous gluon-exchange interaction, Ugyy. The second
term, by stitching Ug; and Uy, generates both fermion-self-energy loops and exchanges of gluons between
the quark and the antiquark as shown in Fig. 2.1. We simplify the interaction by neglecting the self-energy
terms in these investigations and we will adopt the strategy of using quark masses as adjustable parame-
ters (called “constituent quarks”). The remaining one-gluon exchange can be combined together with the

instantaneous contributions from Uy into one term, namely Vogg. In the BLFQ formalism of ref. [3], the
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one-gluon exchange term reads,

Cranayq®) _ ., s -,
VoGE = —Fq—zqus/ (K yyus(k)yvs(k)yy vy (k) . (2.10)

The energy denominator can now be interpreted as the average 4-momentum squared carried by the ex-
changed gluon, q2 = —(1/2)(K'=k)>*—(1/2)(k’'—k)?. CF is the color factor of the one-gluon exchange diagram,
and its calculation follows the corresponding QCD vertices [60]. Here the initial and final quark-antiquark
pairs are both in the color singlet configuration, thereby Cr = 1/4(1/ \/§c’%T“c)(1 / V3cf T%') = 4/3, where
T (@ = 1,...,8) are the Gell-Mann matrices and ¢, ¢’ = red, blue, green are the color vectors, their expres-
sions can be found in Appendix A.7. The overall“-” sign in Eq. (2.10) results from the anti-communitation
relation of the fermion fields in calculating the vertices, in analogy to the Coulomb potential between two
opposite charges in electrodynamics. This term implements the short-distance physics between the quark
and the antiquark, and determines the spin structure of the mesons. The eigenvalue equation of Eq. (2.9)

then reduces to

(Too + VogeWo = woyo - (2.11)

The one-gluon exchange interaction Vogg is identical to the one-photon exchange in quantum electrodynam-
ics (QED), except for the color factor. The eigenvalue equation of Eq. (2.11) with the one-photon exchange
has been applied to the positronium system in the basis function approach by Ref. [45]. In the relative coor-
dinate presentation, the kinetic term can be written as Ty = (l?i + mﬁ) /x+ (l?i + mé) /(1 =—x). x= p;/ Ptis
the longitudinal momentum fraction of the quark and k L= lzq 1 - xP | is the relative transverse momentum.

One can imagine that expanding the Q-space directly would introduce more interaction terms. Apart
from the standard way of including interactions from a finite Q-space, phenomenological approaches also
bring valuable insights. Light-front holography constructs an effective Hamiltonian based on inspirations
from string theory. It addresses confinement, an essential feature of QCD, by holographic mapping gravity
in a higher-dimensional anti-de Sitter(AdS) space to light-front dynamics [61]. In the soft-wall model, a
2-dimensional soft-wall confinement originates from the gravitational background field [62]. Y. Li et al.

further improved the confinement by including the longitudinal degree of freedom [48, 3],

4
Veonfinement = K*x(1 = x)r] = ————=08,(x(1 = x)d) . (2.12)
(my + mg)
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k is the strength of the confinement, r, = |F,, — ;.| is the transverse separation of the partons. This phe-
nomenological confinement takes into account the long-distance physics, and provides another approxima-
tion to QCD. The eigenvalue equation provides a more extensive model of QCD by absorbing the confining

potential,

(Too + VoGe + Veonfinemen)¥o = wyrp . (2.13)

Conventionally, all the contributions in the Hamiltonian excluding the kinetic energy are combined and
the resulting interaction is referred to as the effective interaction, Veg = VogE + Vconfinement- 1he mass
spectrum and LFWFs are the direct solutions of the eigenvalue equation, and could be obtained as in BLFQ

by diagonalizing the Hamiltonian in a basis representation.

2.1.1.1 Basis Representation of |gg) sector

Solving the eigenvalue equation of Eq. (2.13) following BLFQ in a basis function approach is advanta-
geous. In solving the heavy quarkonium system, the work in Ref. [3] chooses the eigenfunctions of part of
the Hamiltonian, 7o + Veonfinement> s the basis functions, which largely reduces the numerical efforts. The
basis consists of the 2D harmonic oscillator (HO) function ¢,,, in the transverse direction, and the modified

Jacobi polynomial y; in the longitudinal direction. The transverse basis function is

S dan! (ko m ,
ban(R ) = 17" /ﬁ(ﬂ exp(—(k, 2/ KON LIM (k) /6?) explimb) . 2.14)

where k, = |la| and 6 = argk,. n = 0,1,2,...1is the principal number and m = 0, £1, £2, ... is the orbital

number. Its orthonormality relation is
a2k S
W(ﬁwm'(kL)‘pnm(kL) = Onn' Omm (215)

The longitudinal basis function is

rd+HDrd+a+p+1)

1201 _ @2 p@By . _
r(l+a+1)r(1+/3+1)x8 (I =0"2P 7 0x -1, (2.16)

x1(X) = Al + @+ B+ 1) \/
where P;"’ﬂ) is the Jacobi polynomial. Its orthonormality relation is

1 1
i f dxy ()i (x) = ow - (2.17)
T Jo
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Each basis state is thus characterized by five quantum numbers {n, m, [, s, 5}, where s(5) is the spin of
the quark(antiquark). The basis is constructed to conserve the magnetic projection of the total angular
momentum: m; = m + s + 5. m is interpreted as the orbital angular momentum projection. The basis space

is truncated by their reference energies in dimensionless units:
2n+|m| + 1 < Npax, 0 <1< Liax. (2.18)

Consequently, the Np,«-truncation provides a natural pair of UV and IR cutoffs: A} yv = & VNmax, ALr =

K/ VNmax- Lmax represents the resolution of the basis in the longitudinal direction Ax = L=l  which also

max?
provides a pair of UV and IR cutofts A,y = mp VLmax,> Azr = 7/ VLmax, and my, is the mass eigenvalue of
the hadron.
The light-front wavefunction is an expansion on this basis function representation:

Yo Ke,x) =" wn(nm, L s, un(K o/ X1 = 0)i(). (2.19)

nm,l
Yn(n,m, 1, s, 5) is the coefficient of the corresponding basis {n, m, [, s, 5}, and is obtained from diagonalizing
the Hamiltonian.

The spectrum obtained from Eq. (2.13) in Ref. [3] agrees with the PDG data with an r.m.s mass deviation
of 30 to 40 MeV for states below the open flavor thresholds. The light-front wavefunctions have been used
to calculate several observables and are in reasonable agreement with experiments and other theoretical
approaches [63, 64, 65, 66, 67, 9, 10]. We will discuss its applications in determining the elastic form

factors and the transition form factors in the later sections.

2.1.2 Extension to higher Fock sectors

Solving the heavy quarkonium system in a larger Fock space could bring new aspects and richer inter-
pretations of non-perturbative dynamics. In the last section, we see that the one-gluon exchange effective
potential Vogg provides an appealing first approximation to the role of quark-gluon coupling in QCD. In
this section, we extend the P-space to |qg) + |ggqg) and keep the Q-space as |ggg). This extension on the
Fock space is consistent with the holographic QCD, where the Fock states of hadrons can have any number

of extra.gg-pairs-created-by-the.confining potential but no constituent dynamical gluons [68]. The eigenvalue
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equation in the extended P-space now reads (where the subscript “2” represents the space of the two-quark-

two-antiquark states),

1
(Hoo + Hoi H10)l//0 + (H01 Hip + Hoz)lllz = wyo , (2.20a)
w — Hll w — H11

(Hzo + Hy;

H1o)l//0 + (H21 Hip + sz)lllz =wy; . (2.20b)

w— Hyy w—Hy

The interaction matrix U is illustrated in Table 2.2. We adopt the same gauge cutoff as in last section, and

drop Uy in the energy denominator as a simplification and an approximation.

Table 2.2 The interaction matrix U for the quarkonium in the Fock space |¢g) +19Gq9g) +|q9gg). The
matrix elements are represented by diagrams. For each diagram where the gluon couples
to the quark, there is a corresponding diagram with the gluon coupling to the antiquark.
The diagram in the red frame is excluded by gauge cutoff. Diagrams in Uy and Uy that
are excluded by gauge cutoft are not shown here, see Table 2.1 for reference.

Qn _ - _ _ _ _
sector Qo = 19q) 0> = 19999) 01 = lqqg)
Qo = (g4 E: e .

EWT+

Q> =4qqqq| | ———— —

“a i s

01={qq8l | ———=—

Let us first analyze the block matrices within Qg and O, respectively. The first term in Eq. (2.20a) is
exactly the same as that in the valence eigenvalue equation, Eq. (2.9). There we isolate the kinetic energy and
the one-gluon exchange contribution, and introduce a confining potential. We now generalize this procedure
to O, sector through the second term in Eq. (2.20b). The Hamiltonian in this term contains the kinetic energy
T»; and an internal-annihilation-creation term, Viac = Uay + Ho1Hip/(T* — T11). Uy is the instantaneous
gluon contribution and is illustrated in Table. 2.2. The iterated interaction generates the non-instantaneous

contribution, shown in Fig. 2.2.
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Figure 2.2 The internal-annihilation-creation interaction generated by stitching U,; and Uy,. This
term and Up, together form the full internal-annihilation-creation term Viac. Each
fermion lines are labeled by its momentum (k), spin (s) and color (c).

We can write out Viac explicitly in analogy to Voge,

Crndnayq®) e
Viac = Fq—z"‘quy, (k)Y (5 )y (a5, (K) 2.21)
The energy denominator, q2 = —(1/2)(k; + k2)* — (1/2)(k; + ké)z, is the average 4-momentum squared
carried by the intermediate gluon. Cpyp = 1 /4(C’TT“cé)(c;T“cl)(c’§03)(cic’4) is the color factor. In

this term, both the initial and the final ggqg-states are in the color singlet configurations. If ¢; and c¢;
form a color singlet, Cpyy = 1/4(1/3T§)(1/3T;?j) = 0; if ¢; and c; are in the color octet state, Cryp =
1/4(1/(2 \/E)Tg.)(l /(2 \/E)T;?;.) = 1/2. i,j = 1,2,3 are dummy indices, see Appendix A.7 for the matrix
format of T¢.

Now let us study the off-diagonal blocks in Eq. (2.20), which connects the two Fock sectors in the
P-space, Qg and ;. Each of the two blocks also consists of an instantaneous contribution Uy, and a non-
instantaneous contribution. The later is illustrated in Fig. 2.3. We combine the two contributions into one
term, and name it as the one-gluon-binding interaction, Vogs.

Cridnay(q?) _ _
VoG = — mT(q}Ms.(kl VY uts(K)itg, (ko )y v (k3)

Cridnas(q?)_ - 7
+ mT(q)Vs(k)nvs4(k4)usz(k2)7#"s3 (k3) .

(2.22)

The color factor is Cpip = 1/4(cIT“c)(c;T“03)(cZE) according to the notations in the first diagram of
Fig. 2.3. The second diagram of Fig. 2.3 has the same color factor. From earlier discussion, we know
that if ¢, and c¢3 form a color singlet, the color factor would be 0. Therefore, in order to get a non-vanishing
contribution, we must have ¢, = ¢, and let ¢; and c¢3 form a color singlet. The resulting color factor is

Criz = 1/4(1/3T5)(1/ N3T5) = 4V3/9.
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k,s.c k. s, c
! klaslacl P = e kl,Sl,Cl
ks, 59, C2 ks, 59, C2
_ kg,Sg;,Cg T k3783763

, S, C - k,s,c
e k47 S4,C4 k47 S4,C4

Figure 2.3 Iterated interactions generated by stitching Uq; and Uj;. Each fermion lines are labeled
by its momentum (k), spin (s) and color (c).

We include the confining potential and extend it to the Q, sector and write the eigenvalue equation,

Eq. (2.20) as,

(Too + VoGE + Veonfinement)¥0 + V(*)GB'JQ = wyo , (2.23a)

Voo + (T22 + Viac + Veonfinement2)¥2 = wirs . (2.23b)

In the single particle representation (as opposed to the relative motion representation discussed above for
the |gg) sector), the kinetic term can be written as Ty, = Z?zl(l?izl + mé)/xl-. Veonfinement,2 18 the confining

potential in the Q» sector,

4

Veontinemen2 = € D7 xixjrfy, (2,’;? D Onixidy) (2.24)

L, j(i<j) i, j(i<j)

rij. = |7 L =7 .|is the transverse separation between the i-th and j-th partons. x; = pI/P* is the longitudinal
momentum fraction of the i-th parton. In Eq. (2.24), we did not impose any dependence on the color
structure of the Fock state as in the Qg sector of Eq. (2.12). One other possible treatment to take the same
color factor as in the Viac term, Cryy. Solving the coupled equations(Eq. (2.23)) directly would lead to the
mass spectrum and light-front wavefunctions in the Qy + Q» Fock space.

For heavy quarkonium system, the Qg sector is expected to provide the dominant contribution to the
eigenstates so we consider using perturbation theory to find an approximation to the exact solutions. The
unperturbed Hamiltonian is that in the P = Qp and Q = Q; space, and the unperturbed wavefunction is
Yo obtained from Eq. (2.13). The perturbation Hamiltonian is the Vogp term, and it can be recognized by

comparing the unperturbed eigenvalue equation, Eq. (2.13) and the perturbed one, Eq. (2.23a). We can now

solve ¥, by plugging the unperturbed wavefunction g into Eq. (2.23b). We could thereby obtain the full
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P(= Qo + O»)-space wavefunction according to the normalization relation, Izpol2 + I;bzl2 = 1. The perturbed
mass eigenvalue is obtained as M}’f = w0|(//0|2 + a)glwzlz.

An even simpler treatment is to omit the interaction within the O, sector and neglect the perturbation
on the mass eigenvalue. Then the Q, wavefunction could be solved from Eq. (2.23b) directly as ¢, =

Voge¥o/(wo — T22). One could then renormalize the total light-front wavefunction to unity.

2.1.2.1 Basis representation of |gGgg) sector

We consider two identical quarks and two identical antiquarks in the |gGgg) sector. We know that the
total wavefunction in the |gggg) sector, consisting of the space, spin and color parts as ¥ = Yspaia¥spintcolor
should be antisymmetric under the exchange of identical fermions. For convenience, we label the two quarks
as q1, q3 and the two antiquarks as gz, 4.

In the color space, there are two possible color singlet states. Following the notation in Ref. [69], these

two states read,

Wooror = (@193)° ® (§234)° = € 01091 893,175 »

Vi2
1
V6

(2.25)

U ior = (@193)° ® (3234)° = —=d"P duroq1 93,3535 -

where d*f and d, - are

d'"' =din =d =dyy = &P =d3x =1,
1 (2.26)
d*'? = dyy = d®' = dypy = &P = dspy = = dszy = d°F = de13 = d¥' = dez1 = — .

V2
w?olor(l’l’golor) is antisymmetric(symmetric) under transposition of ¢g; and g3 or g, and g4. These two color
singlet states are orthonormal by means of the irreducible representation of color SU(3).

We formulate the space-spin basis states using the single particle basis representation. Here we fol-
low the basis constructed in Ref. [1] where the basis space consists of the 2D harmonic oscillator for the
transverse modes and a discretized momentum space basis for the longitudinal modes. The 2D harmonic

oscillator states are characterized by their principal quantum number n = 0, 1,2, ... and orbital quantum

number m = 0,+1,+2,.... The longitudinal modes are defined on —L < x~ < L with periodic boundary
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conditions. The longitudinal momentum faction reads x = k/K with k = 1,2,..., K, where K is the to-
tal longitudinal momentum and we neglect zero modes. As such, we can build the space-spin basis with
quantum numbers, {a, @y, @3, a4}, @; = {n;, m;, k;, s;}, where i = 1,2, 3,4 stands for the four partons. The
chosen symmetries and cutoffs are expressed in terms of the sums over those quantum numbers, M, = >; m;,
S =23:;Su2iki=Kand };(2n;+|m;|+ 1) < Nmax.- The magnetic projection of the total angular momentum
ism; = M; +S. We only consider distinct states. For example, at Nyax = K = 4, there is only one distinct
space-spin state at m; = 0, and that is {&; = {0,0,1,-1/2},a2 = {0,0,1,1/2},a3 = {0,0,1,-1/2},a4 =
{0,0, 1, 1/2}}. The number of distinct basis states for different K = Ny,.x cases are shown in Table. 2.3.
Table 2.3 Number of distinct space-spin basis states in the |gggg) sector at different K = Npax
values. In the first case, M, and S are conserved separately, as quoted from Ref. [1]. In

the second case, the magnetic projection for the total angular momentum m; = M, + §
is conserved, which we will use in constructing the basis.

K = N 4] 6 8 10 12
M,=0,S=0[1]|1]236]| 5961 | 64240 | 427730
mj=0 1] 336 | 10295 | 121808 | 860470

We then construct (anti)symmetric basis states using those distinct states as,

1
[Wspatial¥spin]® = 5({01,012,03,04} +{as, a2, a1, au} + {ay, a4, a3, a2} + {az, a4, a1, 2}) ,
(2.27)

[Wspatial¥spin]™ = %({0/1,&2,6!3,@4} —Haz, a2, a1, a4} — {1, a4, a3, a2} + {a3, a4, a1, @2}) ,
where @ # a3 and @ # a4. Itis then straightforward to construct the basis states in the full space-spin-color
space as [Wspatial¥spin]® Yoo, A0 [WspatiaWspin Y3 -
An alternative way of constructing the color states is to treat the ggqg state as two diquarks. This is
particularly useful in considering the quarkonium decaying into two color singlets, such as the radiative

decay J/y — n.y. In this bases, there are two color singlet states,
1 _ ~ N1 NN I
Yeolor = (@1G2)” ®(q3G4) = 3092939 -
(2.28)

1 | o1
8 _ 8 _ .8 _ k- _ k =k
Ueolor = (@132)° ® (q3G4)° = ﬁ(q’l 7 - 3&',;‘%%)(%% - §5i,j6]3614) ,
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where i, j,k = 1,2, 3 are the color indices of the quark and the antiquark. There is a one-to-one correspon-

dence between the two bases in Eqs. (2.25) and (2.28),

1 2
'ﬁiolor = %%olor + \/;wgolor >

2 1
8 S
l’l’color =~ \/;wﬁolor + %wcolor :

Having defined the BLFQ framework for expanding the Fock space of the mesons, we note that the path is

(2.29)

prepared for detailed calculations to follow which is outside the scope of the present work. We return to treat

observables calculated with the light-front wavefunctions evaluated in the quark-antiquark Fock space.

2.2 The elastic form factor

In quantum field theory, the elastic electromagnetic form factors characterize the structure of a bound
state system, which generalize the multipole expansion of the charge and current densities in the nonrela-
tivistic quantum mechanics. The physical process that determines the elastic form factors is ¢, (P) +y*) (g =
P’ — P) = y(P"). The form factors are defined as the Lorentz invariants arising in the Lorentz structure
decomposition of the hadron matrix element (¢, (P’)|J*(0)|y;(P)). For spin-j particles, assuming charge con-
jugation, parity and time reversal symmetries, there are 2j + 1 independent Lorentz invariant form factors.
The derivation of Lorentz covariant decomposition of hadron matrix elements can be found in Appendix D.

In calculating the form factors from the hadron matrix elements, one has the freedom of choosing current
components and reference frames. Though in principle, those different choices should lead to the same
result, different results could arise in practical calculations in a finite Fock space due to the violation of
Lorentz symmetry. Here we derive the elastic form factors in light-front coordinates with different current
components, and without specifying a reference frame at the outset. For this purpose, we first define a
parameter space of the reference frame. Our discussions of the elastic form factor and the transition form

factor in the next section will also follow this definition of frames.
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2.2.1 Frames and kinematics

Considering the process ¥4(P’) — yp(P) + X(q = P' — P) or Yyp(P) + X(qg = P' — P) — ya(P),
the Lorentz invariant momentum transfer q2 can be written as a function of two boost invariants [65, 10]

according to the four-momentum conservation g> = (P’ — P)?,
q = zmi - li—zm% - L&i . (2.30)
where,
= (P -PYPT, Ki=q 2P
Both z and A, are invariant under the transverse Lorentz boost specified by the velocity vector ﬁ 1

N
V+ g v+, VJ_ - VJ_ + V+ﬁJ_ . (231)

z can be interpreted as the relative momentum transfer in the longitudinal direction, and A, describes the
momentum transfer in the transverse direction. Note that z is restricted to O < z < 1 by definition. For each
possible value of ¢, the values of the pair (z, A 1) are not unique, and those different choices correspond
to different reference frames (up to longitudinal and transverse light-front boost transformations). Fig. 2.4
should help visualize the functional form of ¢*(z, A 1). Since ¢ is relevant to the magnitude of A, but not
its angle, we plot it in the arg A, =07 plane. Form factors evaluated at different (z, A 1) but at the same ¢

could reveal the frame dependence. In particular, we introduce two special frames for detailed consideration.

e Drell-Yan frame (z = 0) : g* = 0, A, = g, and ¢> = —A%. This frame is shown as a single thick
solid line in each panel of Fig. 2.4. The Drell-Yan frame is conventionally used together with the plus
current J* to calculate the electromagnetic form factors. This choice, on the one hand, avoids spurious
effects related to the orientation of the null hyperplane where the light-front wavefunction is defined
and, on the other hand, it suppresses the contributions from the often-neglected pair creation process,
at least for pseudoscalar mesons [70, 71, 72, 73, 74, 75]. For the transition form factor, this is only
true if zero-mode contributions are neglected. The transition form factor obtained in the Drell-Yan
frame is significantly restricted in the space-like region, i.e. g*> < 0. Although one could analytically
continuate the form factor to the time-like region by changing ¢, to ig, [76, 77, 78], we elect to

calculate transition-form-factors directly from wavefunctions.
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(b) 3D plot of ¢*(A,, 2)

Figure 2.4 Visualization of the Lorentz invariant momentum transfer squared ¢> as a function of z
and A L atarg A 1 =0, 7. (a): regional plot of q2. The time-like region (q2 > 0) is the or-
ange oval shape, bounded by Apoge = (mi —m%) /2my and Zpode = l—m% / mi. The space—
like region (¢> < 0) is in light gray. Contour lines of ¢ are indicated with thin dashed
curves. The maximal value qrznax = (my — mp)? occurs at (Zum = 1 — mg/ma, A, = 0).
(b): 3D plot of ¢> showing a convex shape in the (z, A, ) representation. The blue flat
plane is the reference plane of ¢g> = 0. In each figure, the Drell-Yan frame is shown as a
thick solid line, and the longitudinal I and II frames are shown as thick dotted and thick
dashed lines respectively. (Figure adapted from Ref. [10].)
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e longitudinal frame (5 L =0): q2 = zmi - zm% /(1 — z). Note that we use the same definition for the

longitudinal frame as in Ref. [65, 10], which is different from those in the literature where g, = 0 is
called the longitudinal frame [79, 80, 72, 78]. In this frame, we have access to the kinematic region
up to g2, = (ma — mp)?, the point where the final meson does not recoil. This maximal value occurs
atz = 1 — mp/mg = zZum. For a given qz, there are two solutions for z, corresponding to either the

positive or the negative recoil direction of the final meson relative to the initial meson, namely,

— longitudinal-I: z = [m?% — m% + ¢* + \/(mi —my+q?)? —4miq? |/(2m}). zum < z < 1. This

. . . nd . . . .
branch joins the second branch at q* = qrzmlx with z = zym, A, = 0. The time-like region is
accessed at Zgm < Z < Znode, and the space-like region is at zyoge < z < 1, Where zpode =

1- mé / mi. The longitudinal-I frame is shown as thick dotted lines in Fig. 2.4.

— longitudinal-II: z = [m} — my + ¢* — \/(mf\ —m +q*)? —4miq® |/(2m3). 0 < z < zyem. This
second branch only exists in the time-like region, and it joins the Drell-Yan frame at > = 0 with

z=0, KL = (. The longitudinal-II frame is shown as thick dashed lines in Fig. 2.4.

2.2.2 The hadron matrix element

The electromagnetic transition between two hadron states /4 and ¢ p is governed by the matrix element
Wa(P, j,m)p| JF(x) Wa(P, ', m;.)). The elastic process is a special case where 4 = . In this section, we
derive the light-front wavefunction representation of the hadron matrix element, which we will use later in
calculating the elastic form factor and the transition form factor.

The electromagnetic (EM) current operator is defined as J# = Py*¥. In the light-front representation,

d&prodpt [ d*paidp] - i
OEDY f ! f 2 [b), (P2, (p2)e™ + diyey (p2)Tay (p2)e ™ P7]
1,42

Qny’2pt J Qn2pd (2.32)

Y [Bares (pous, (p)e™ + d) L (p1)va, (PP
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By spacetime translation invariance,

WP, jympIJ*(x) [pa(P’, j',m))
= (P, J,m)I )Y Wa(P, jym;))
= (Wp(P, jyml e P PO Py e PO P [Ya (P, ', m))) (2.33)
= B(P, j,mpl e RO PO [yalP', j,m'))
= (WP, jymp| J*O) Wa (P, ', m))) e =0
The argument x only results in an overall phase factor, so in the literature one usually take J#(0) in calculating
the matrix element.

We have shown in Section 1.3.1 that the meson state vector [i,(P, j,m;)) can be expanded in the light-
front Fock space. The coefficients of the Fock expansion are the complete set of n-particle light-front
wavefunctions, {w;’;l;;)(xi, 12’,- LS} xi = Kl.+/ P is the longitudinal momentum fraction of the i-th parton, and
ki, = R, — xP, is the relative transverse momenta, with «; being the momenta of the corresponding parton.
s is the spin of the parton. The electromagnetic current matrix element is in general given by the sum of the

diagonal n — n and off-diagonal n + 2 — n transitions, as shown in Fig. 2.5.

Wl Wa) = Wal I Wadyn + @Bl I Wadpiaon - (2.34)

In the former case, the external photon is coupled to a quark or an antiquark. In the latter case, a quark-

antiquark pair is annihilated into the external photon.

2.2.2.1 n — n transition

For the n — n term, as in Fig. 2.5(a), the external photon is coupled to a quark or an antiquark, thus the
electromagnetic current matrix element takes the form

dx dxll
WP imp POWAE Fontyy, = S]] [ = f — f o )32(2 n

noi=1 sl,sl;

m;)% (m’)
X(S[Z ] (2)(Zk ) fz/é) (xl’ lJ_’Sl’ )j” L//n/A( 1° lJ_’ l’li})a

i=1

(2.35)
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ha - VB

I

(a) n — n transition (b) n+ 2 — n transition

Figure 2.5 Light-front wavefunction representation of the hadron matrix element. The double-lines
represents the hadrons. The solid lines represent the partons. The wavy lines represent
the external photon. The shaded areas represent the light-front wavefunctions. These
diagrams are ordered by light-front time x*, which flows from left to right. In (a), the
n — n transition, parton number is conserved, whereas in (b), the n + 2 — n transition,
parton number is reduced by 2 due to pair annihilation. (Figure adapted from Ref. [10].)

where the EM current jl:I,S/l = iy, (K))y*us, (k1) if the struck parton is a quark, and j‘s‘l’s,1 = Vg, (Kl)’yl‘vs/l (k) if
the struck parton is an antiquark. We will restore the quark charge in the current when calculating observ-
ables. /; is the color index of the i-th parton. The relative coordinates and constraint conditions of partons

arc

xp=xp+z(1 = xl),l?;L =k, + 1 - xl)ﬂl,ll = [, for the struck parton (i = 1)
(2.36)
x = x(1 - z),l?;L =k —xiA, L= L, si=s, for the spectators (i = 2,...,n) .

Note that the condition of x; € [0, 1] sets the valid range of x’l to [z, 1], see the bounds of the integral over

X/ in Eq. (2.35).
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A detailed derivation of the 2 — 2 transition

In the case where the hadrons are solved in the |¢g) Fock sector, only the n — n (n = 2) term would

contribute to the transition,
WaarB(P, j,mPIJ*(0) Wrgqia(P', j',m))
N 1
1 dx d kJ_ (m )« —)
S 0 i
w2 'Zfo 21— f(z yVssim (i)
dis(1 = x)P*, =k, + (1 = )P )b (xP*, ky + xP,)

pLdpy (d*pidps
x;z f (szll f raps P PP o] 23D

yﬂ[bﬁlcl(pl)uﬂ1(pl)+ /1161(p1)v/11(P1)]

X 42K, m
X;f(; 2X'(1—x’)f(2 )3¢SS/A( LX)

bl (X PR+ X PO (1= X)P K+ (1= x)P)0) .

There are two non-vanishing terms as we pair up the creation and annihilation operators. One is the contri-
bution from the quark radiation and the other from the antiquark. We will use JZ (Jg ) as the operator acting

on the quark (antiquark).
WaarB(P, j,m I TG (0) Wrggia (P, j'sm’))

d kJ_ (mj)* —»
Z <0| Zf 2x(1 — X) f (2 )3 l//SS/B )

ljl

dis((1 - x)P+ —k, + (1= 0)P)bjs(xP*, k. + xP))

1 dp d2 ->2 dp
Z f ) 2p1 f 2 i bl (P (p2)Y*bae, (P1)ua, (p1)
At 1

dx dzk, (m ) —»
>< ’
SZE;L 2x'(1 — x7) f(z )3 "bss/A( 1 )

bl (PR + X PO (1= X)P, =K, + (1 - x)P))|0)

(2.38)
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Contracting the creation and annihilation operators,

WqarB(P, J,m I JG(0) Worgg/a(P', j'sm'))

S DIPIPII L O
N, Qny2pt J @m*2pt Jo 2x'(1-X)

i,j=1 41,42 §8',§ .8

dzk/ deJ- ) -
f(Zﬂ')3f 2x(l—x)f(2 )3$v’s’/A( L )'70”/3 (ki,x)

2050(p)2n)’6(pt = xPSHF? — ki — XP )6 jerSs .0, (2.39)

2pt0(pHQ2Y S(p} — X P IS (FL — K = x P )5ie,00
2(1 = )P O(PH2r)’5((1 — X)P'* = (1 = x)P*)

(R + (1 =X + k. — (1 = x)P.)S;i63 5

i, (p2)y ua, (p1)

We could first integrate over x and k. by the last two delta functions and get,
x=1-(1-xXP*/P*,  ki=k, -(1-x)P_ +(1-xP,. (2.40)
Integrate over p1, po, we get

WqarB(P, . m I JG(0) Worgg/a(P', j'sm'))

1 / 217
dx d k (m) >, m)E >
:Zf X Z‘”s ENCARS AN (IS (2.41)

~ Jmax,1-p+py 2X (1 =) J - (27) x

X iig(xP*, Ky + xP )y ug (X P K + X' P) .

Note that the lower bound of the integral over x is not 0 when P* < P’*, which results from the condition
x € [0, 1]. However, when evaluating the x’-integral numerically, it would be more convenient to have the

integral range as [0, 1]. This is actually possible by integrating over x’ and IE)’L instead in Eq. (2.39),
Waq/B(P, jmp| TG 0) Wrgg/a (P, j,m’))

1 27
dx d“k, 1 >, SR
- Z f . Z ‘/’s s/A(kJ-’ )‘/’(ss/Jz); (ki,x) (2.42)

= JImax(0,1-p+/p+y 26(1 = X) Qn)® ¥’

X ity (xP*, K, + xP )y uy (X P, I?L + x'ﬁl) ,
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where
X=1-(1-0)P /P, R =k —(1-x)P_+(1-x)P, . (2.43)

As expected, the lower bound of the integral over x is 0 when P* < P'*. Egs. (2.41) and (2.42) are
equivalent, and one could choose the one that facilitates the numerical calculations. If one considers the
process YA (P') — yp(P) + y*(q = P’ — P) where P* < P’*, it is more convenient to use the expression
in Eq. (2.42). However, if one considers the process ¢4(P") + y*)(q = P — P’) — yg(P), which is usually
the case in calculating the elastic form factor, where P* > P’*, it would be more convenient to use the

expression in Eq. (2.41). In analogy, we get the hadron matrix element of the antiquark current,
(quI/B(Pa j’ mj)| J/q_l(O) W’qi]/A(P/, j/’ m;))

min(1,P*/P'") dx’ d2k1 (miye ')
- — J J ’ /
== fo 20(1-x) f Qn 1-x Z Vsjp ki D gy (kLX) (2.44)

S,5

x vs((1 = x)P'", k’ +(1—-x )P WHs((1 — x)PT, —kl +(1- x)Pl)
where

- -

x=xP"/P", ko =k, +x PP, -P*"P)/Pt. (2.45)

The “-” sign in Eq. (2.44) implies the negative charge of the antiquark.

2.2.2.2 n+ 2 — ntransition

For the n + 2 — n term, as in Fig. 2.5(b), a quark and an antiquark from the initial state annihilate into a

n+2

photon, thus the electromagnetic current matrix element takes the form
Z dx dx 1,2
TN NS W DI = f (12 f 2’
ni=1 sl

n+2 n+2
X 6(2 xl/ - 1]5(2) [Z ];)Z’J_] ll/,(,lr;lljg)*({xl’ ils sl$ )IH/ ’l’bn+2/A({ i° lJ_’ S l/})
i=1

i=1

(2.46)
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where the EM current is j’S‘ g = Vg (K" us;(K]) and the parton coordinates/constraints are
1°°2

X1, I_c); , for the struck quark
X, =27 X], l% = —E’l +A,, L=1, for the struck antiquark (2.47)
X, = Xi(1=2), k,+2¢ = x,Al,l =1l,,, s =s,,, forthespectators(i=1,...,n).

2.2.3 Elastic form factor of the spin-0 particle

The elastic form factor of a (pseudo)scalar i, is the charge form factor F (qz), defined as

Wn(P*O)yn(P)) = (P + P'V'F(q*) , (2.48)

The charge form factor F(g?) is interpreted as the Fourier transformation of the charge density in the system.
For heavy quarkonium, the physical from factor vanishes due to charge conjugation symmetry, so in order
to study such issues as dependence on the chosen current component (see below) we calculate the fictitious
form factor from the quark current, Jg. In the light-front wavefunction representation of the valence Fock
sector, the hadron matrix element reads

ki1 m S,
WP )| Ol (Pom))) = Z f M_x) f ekl W R0 ()

X iy (X' P'7, I?’L + x’ﬁl)y”us(xPJ“,la +xP)),

(2.49)

where x' = (P’* — (1 — x)P*)/P"* and ¥, = k. + (1 — x)(P*P/, — P"*B.)/P’*. This is essentially the same
as Eq. (2.41). We rewrite x” and 1?; in terms of the two boost invariants we have defined in Section 2.2.1, z
and A 1, as

X =x+z(1-x), l:'l:la+(l—x)&l.

The transferred momentum square ¢> can be written according to Eq. (2.30) with my = mg = my,,
7 = —my + AD)/(1-2). (2.50)

Note that g* < 0.
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One could extract the form factor with different current components. The +, L and — hadron matrix

elements can be related through the transverse Lorentz boost specified by the velocity vector ﬁ 1,
vt B o P+ viEL, v7—>v7+2ﬁl-\7l+ﬁ_)2lv+. (2.51)
The hadron matrix elements are thereby related through,

WP’ P+ P B, [yn(PT, By + PTBL))

= WP LWa(P)) + B WP lyn(P))
(2.52)

-

WP P+ PP ROWT (P, o+ PHAL)
= WP [n(P)Y + 281 - (PO LIn(P)) + B (PO n(P))
This relation implies that the form factors extracted from different current components should be equivalent.
One can verify it by substituting Eq. (2.48) into Eq. (2.52). We would like to know if this is still true in
the valence Fock sector, and write out the form factor with different current components in the valence
light-front wavefunction representation.

Using the J* current,

F(q%)

o = WP O)lgn(P)) /(P + P'™)

1 2
dx dk, 1 > . /
= E fo‘ vl =) f = Wsin(k L, W55, (K X2 VX' Pt xP+/(PT + P'Y)

Q2n) X' (2.53)

B G B d’k, 2 x(1-2) , L
_Zfo 2x(1—x)f(2ﬂ)32—z 21— e Wk 0

In the second line, the form factor is written as a function of (z, A 1), dependence on P or P’ is eliminated.

The normalization of the form factor at ¢g*> = 0 follows as the result of the normalization of the hadron

wavefunction,

F(0)

b dx d%k, S . -
" :Zfo 2x(1—x)f (27r>3wﬂ/h(kbx)%/”(kl’x):1' (254

Now we turn to the transverse current. Assuming that the rotational symmetry on the transverse plane is
preserved, using J* or J* component or linear combinations of the two should be equivalent. Here we use

. ) . g . .
JR = J5 i and /5 =J5 i as the transverse currents. For any transverse vector k , which is expressed
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as (k*, k) in the Cartesian coordinate or (k_, 8) in the polar coordinate, we will write its complex form as

KR = k5 + ik = ke and k- = k¥ — ik¥ = ke~ ™. The elastic form factor extracted from the JX current reads,

F())| 5 = PR O)n(P)y /(PR + P

_ z Z fl dx fdzkl
TQ-gR-20R Ly 2x(1-x) J @2

+ sk, W (R, X))

o . 2 X R x(1-2)
X{‘”“/h(k”)w“‘/h(k“”[«/x(1—z)[x+z(1—x)](kR - )+z Vx+ai-n7 }@-55)
29 n_ Xpny, 2 [ x1-2)

2myz
tzl-oP 2 zx+z<1—x>qR}'

Vx(1 =[x +z(1 - 03
The second term with spin flip (s’ = —s) vanishes by considering the symmetry among different spin com-

+ sk, W (KL, X))

ponents of spin-0 particle Ay,

Ui (ks ) = Wy g (K, ), Uik, X) = =KL, ) . (2.56)
The first and the third terms have the same wavefunction products and could be combined into one term.
F())| 5 = WnPOIRO)n(P)) /(PR + P

1 2
Z dx d<k, N
T2 2)ak —2AF s, Wy (R, X
(2 - 2)gk — 24K Zfo 2x(1 —x)f(z 3 Vssinbs W gk )
1

X
V(1 — z)[x +z(1 - %))
_ 2 dzkl * )
=F(q")|,. + P,R Z f 2x(1 e f 2y Wik, W5, (K x)

2
{[z +2x(1 — 2)] (kR - fAR) + Ex(l - lx+z(1 - x)]qR} (2.57)

X NTEETTTT )]3{[z+2x(1—z)]kR+—(2 2x = 3z + 2x)AR}
X — XTI - X

We see that F(q2)|JR and F(q

;+ are different by the second term in the last line of Eq. (2.57). Moreover,
this second term depends on PR + PR in the (z, A 1) parameter space. This indicates that fixing (z, A 1) is not

sufficient to unambiguously determine a frame in this case. However, in the Drell-Yan and the longitudinal
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frames, it can be proved that this term actually vanishes, leaving F (q2)| w=F )

J+
F(@) x pyy = WnPIIFOlyn(P)) /(PF + P
=F (@) ;s py
1 I dx a2k, R R . (2.58)
" PR 4 PR ; I} 2x(1 — x) f Q)3 Wss (ks g (K x );[ZkR =2
=F @)+ py -

The second term vanishes under the transverse integral with I?’L =k 1 + (1 = x)g" in the Drell-Yan frame.

Now, in the longitudinal frame:
F@) 1 10ng = WnPOIEONn(P)) /(PR + P'F)

! 1 dx dsz— 7 ¢ 2
J* long + W ;f(; 2x(1 — x) f (27()3 (ﬁ‘vi/h(kL’x)lﬁﬁ/h(k ,x)
[z + 2x(1 — 2)]kR
V(1 = 2)[x + z(1 = 03

=F(q*)

=F(q%)

(2.59)

J* long *

Note that I?’l =k, in the longitudinal frame, thus the second term vanishes since the angular integral is zero.
As with the J* current, F(0)|;x = 1 is guaranteed by the normalization of the hadron wavefunction. At
g* = 0, the terms proportional to kR in the integral would vanish since the angular integration would be 0.

Using the J~ current,
F@)|,. = WP, On(P)) /(P +P'7)

_ 1 Zfl dx dekJ_lﬁ‘ (]E» Y (l? )
_Pi +mi + (1 —Z)(P’i +m%) — Jo 2x(1-x)J @2n) s5/hELs MY 5\ (2.60)

s

1 —Z 2 - - iy -
—————[m; + (ky +xP,) - (K, + X'P))] .
x[x+z(1_x)][mq (kp +xPL)- (ki +x'FP))]
In deriving Eq. (2.60), the spin flip terms vanish by exact cancellations among different spin components.
The normalization of the elastic form factor (F(0) = 1) with J~ has a nontrivial requirement on the wave-

functions, and this is referred to as a type of Virial theorem [81]. We can see this explicitly in Eq. (2.61).

In the truncated Fock space, the light-front J~ current is not conserved and it violates the Ward-Takahashi

www.manaraa.com



42

identity [82, 83]. The valence Fock sector is not sufficient to extract the elastic form factor with the J~

current.

F(0)] - = WP, (O)ya(P)) /(P™ + P'7)

1 ' dx d%k, S L2, L
o —— Sg ’ *— ) - P .
G +m}‘;>; fo T f oy st W R T (R P

A recent work by H.M. Choi, H.Y. Ryu and C.R. Ji [84] implemented a replacement of the meson mass m,

2.61)

by the invariant mass m(z) = (mZ + lgi) /x + (mé + l?i) /(1 = x) in studying the (n°, 7,5 — ¥*y*) transitions
with a manifestly covariant model. Following the format of this treatment, we see that restoring F(0) = 1 in
Eq. (2.61) would require a replacement of mlzl - (mfj + l?i) /x—(1 - x)ﬁi. In the meson rest frame where
P, =0,,the expression reduces to mfl - (mé +l?i) /x, suggesting to replace the meson mass by the invariant
mass of the quark, or half of the invariant mass of the meson.

To conclude, the J* and J, current components could guarantee the normalization of the elastic form
factor in the valence Fock sector, but the J~ component could not. Though the elastic form factors extracted
from the J* and the J, components are expected to be the same through a transverse boost, the valence light-
front wavefunction representation shows that the two are the same only in the Drell-Yan and the longitudinal
frames. In a practical calculation, J* and the Drell-Yan frame is often preferred, and the main advantage
of this choice is that vacuum pair production/ annihilation is suppressed [85, 86, 72]. A recent study on the
frame dependence of the elastic form factor of pseudoscalars using the J* current can be found in Ref. [65].

Here we present the form factors of the spin-0 heavy quarkonia using their light-front wavefunctions
solved in the valence Fock sector [3]. We carry out the calculation in the Drell-Yan frame using the J* or
equivalently the J. current. Fig. 2.6 shows the numerical results for the spin-0 states of heavy quarkonia
below their respective open-flavor thresholds, those states are charmonia 7.(15), y.0(1P) and 1.(2S), and
bottomonia 7,(15), xpo(1P), np(2S) and 1,(3S5). The results show a good convergence trend as the basis
cutoff increases as Npmax = Lmax = 8, 16,24,32. We take the largest basis Npax = Lmax = 32 as the result,
and use the range between Npax = Lmax = 24 and 32 as the uncertainty. The form factors for the radially
excited states, 17.(25 ), 7,(2S) and 1,(3S ) exhibit a tendency to develop a node.

In nonrelativistic quantum mechanics, the root-mean-square charge (mass) radius is the expectation

value-of-the.displacement.operator that characterizes the charge (mass) distribution of the system. In quan-
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Figure 2.6 The elastic form factor of spin-0 states of heavy quarkonia calculated in the Drell-Yan
frame with the J* or equivalently the J\ current, according to Eq. (2.53) with z = 0.
The light-front wavefunctions used in these results are solved in the BLFQ approach at
different basis truncations (Nyax = Lmax = 8, 16,24, 32) [3].

tum field theory, no such local position operator is allowed and, instead, the charge (mass) radius of the

hadron is defined from the charge (gravitational) form factor at small momentum transfer:

— tim —6-0 F2
(i) = lim ~65 5 F (") (2.62)

The charge radii of spin-0 quarkonia are summarized in Table 2.4. Note that the BLFQ results with running

coupling are obtained in a larger basis space which tends to enhance UV effects and generally favors smaller

radii.
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Table 2.4 The charge mean squared radii (rﬁ) of (pseudo) scalar charmonia and bottomo-
nia [Eq. (2.62)]. The BLFQ results with the running coupling a; are obtained at
Nmax = Lmax = 32. The difference between the Npax = Lmax = 32 and 24 values are
presented as the uncertainty. The BLFQ results with the fixed coupling a, are obtained at
Nmax = Lmax = 24. The difference between the Nyax = Lmax = 24 and 16 values are pre-
sented as the uncertainty. We compare our results with those of the Contact Interaction
(CI), Lattice and Dyson-Schwinger Equation (DSE) methods.

(fm?) Ne Xc0 e s Xb0 n, n,
BLFQ(running a;[3]) 0.029(1) 0.057(1) 0.120(1) 0.013(0) 0.031(0) 0.051(0) 0.095(1)
BLFQ(fixed a4[48])[66] 0.043(5) 0.07(1) 0.149(8) 0.016(1) 0.037(1) 0.056(2)

CI [87, 88, 89] 0.044 0.012
Lattice [90] 0.063(1) 0.095(6)
DSE [91, 92] 0.048(4)
More on Charge Radii

In the Drell-Yan frame, ¢g* = 0 and ¢*> = |7 ' *. We can write G, in the polar coordinate {g,8}. With a
change of variable, t = qz,

, 0 10 1&
Ve ==—+-——+ 55—
q. an qaq q2892

0* (0t\2 (9% 1 oot 1%

=_(_) ; _(_) TR (2.63)
02\ dgq 0t\dq? \i0tdq 1 I6?

L0 1P

t— + +—-—.
oz ot to6?
At the limit of g> — 0, the first term vanishes. Since the form factor does not have angular dependence, the

third term vanishes as well. It follows that

0

1
A 1y2 (2.64)

=0 4

We can thereby rewrite the charge radius in Eq. (2.62) in terms of the two-dimensional Laplacian of the

charge form factor,

3
() = =5V, F(g)) (2.65)

We have already mentioned that the physical form factors of a hadron should receive contributions from

each constituent, F (qz) = xrefkt f(qz), where f is the constituent (anti)quark with charge e;. Though for
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quarkonium, the physical form factor vanishes due to charge conjugation (see Appendix D.1), we calculate
the fictitious form factor contributed from the quark only. For a charged hadron, such as 7* and proton, one
should consider its physical form factor that sums over the contributions of all constituent partons. In the

following, we will derive the contributions of the quark and the antiquark separately.

®q

The charge form factor contributed by the quark is calculated as
Fy(q) = (h(P")] J7(0) |h(P)) /(2P")

Podx &2k,
:Z‘fo 2X(l—X)f(z s ki 00 ks + (1= 201, 0)

3 i ) o
T4y 2x(1-x) ) 2n) (2.66)

f d*ry f d?r x(1 — x)e T A Um0TITLG (P W (P X)

_Zf fdzr GV (7 g (LX)

Us.5n(PL, x) is the light-front wavefunction of the spin-0 particle / in coordinate space. The charge

radius of the constituent quark is

3 ! dx 22 7 =2 7 x =
)y =5V, F =32 fo o f Eri( = XA s, D0 ) (FLo) . (2.67)
5,8

4°=0

°*q

The charge form factor contributed by the antiquark is calculated as
Fy(q%) = (h(P) 7 (0) |h(P)) /(2P")
_Zf 2X(1 _x) f (2 )3 (//S S/h(kJ_’ x)(ﬁs S/h(kJ_ _qu_ex)
B Z f dx f d%k,
= Jo 2x(1-x) J @2n) (2.68)
X fder fdzr’lx(l - x)e_ikl'?lei(kl_xm)ﬁ&s,i/h(ﬁ,X)‘I/:,g/h(’iyx)

1
dx —ixd,r, 3 - 7 -
= § f(; Efdzﬁ_e e nlﬁm/h(’l,x)lﬁs,g/h(’ﬁ_,x)-
5,8
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The charge radius of the constituent anti-quark is

g = =5V, Fa =3 Z f f Ero Pl P W 5L ») (2.69)

¢*=0
As an example, the charge radius of 7+ sums over the contributions from u and d.
(ree) =Qu(ry), + Qi (ran)
=3 ) fo 1 b [ @[30t R R (00 ().

The dimensionless fractional charge of the quark is, Q, = +2/3 for the up quark and Q; = +1/3 for the

(2.70)

anti-down quark.

2.2.4 Elastic form factor of the spin-1 particle

In the Lorentz decomposition of the hadron matrix elements for spin-one particles, three Lorentz-
invariants arise along with three elastic form factors. A detailed derivation of the Lorentz decomposition
can be found in Appendix D.2. The elastic form factors for a spin 1 particle, F;, F» and F3, are defined as

the following,

Ly iy = W (P, j = L)L) Win(P. j = 1.m))
(2.71)

=(P* + P'")[(e"" - P)(e- P)F1(q) + (& - e)Fa(gH)] + [e'(¢* - P) + ¢ (e - P)IF3(¢%) .

The polarization vectors of the hadron are e = e(P,m;) and e’ = '/ (P’, m;.). For each current component,
u = +,—,1,2, there are nine combinations of the magnetic projections for the initial and the final states,
m j(m;.) = 0, 1. Parity and charge conjugation symmetries on the light front leaves four independent hadron
matrix elements, m.,-(m;) = 1(-1),1(1), 1(0), 0(0). The rotational invariance of the current should provide
another constraint, namely the angular condition, and reduces the number to three, which is in agreement
with the number of the form factors. The front-form angular condition for I;ljm; could be obtained via
Melosh rotation from the instant-form /7, = I; y [93, 94]. In the Breit frame where P* = P'"" and ﬁl =-P,,

the angular condition reads as

Ag) = (1+ 2l + Iy - ‘/_11 0~ Ioo = (2.72)
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where 7 = —¢?/(4M?) and M is the mass of the hadron, note that ¢g> < 0 in this frame. In the light-front
dynamics, the rotations around the x and y axis are dynamical [95], so wavefunctions with a fixed number of
constituents no longer retain such covariance, and the angular condition is violated. The breakdown of the
rotational symmetry leads to ambiguities in extracting the form factors from the light-front matrix elements
I’;j’m}. In the literature, there are different extraction schemes for spin-one form factors [96, 97, 98, 99, 100].

Using the J* current component,

WP, j=1,m)IJ*O) lyn(P, j = 1,m)))

4 p, (q%) + (i - 1)F2<q2) + q—ng(qz), mj=m};=0

4M? 2M? 2M? Jo

_%ZFI(QZ) - Fa(g?), mj=m} =+l (2.73)
=P Fis ‘]3 2 q 2 q 2 _ ’

e [WFI(CI )+ \/EMFZ(Q )+ 2\/§MF3(q ), mj = 0(F1), m; = £1(0)

_e¥2i5q;F1(q2), mj = TLl,m;. ==+1

The phase factor is defined as § = argg*, such that ¢* + i¢’ = ge’®. We thereby redefine the helicity

amplitudes to get rid of the phase factor as the following
Ly oy = Wn(P'j = L)L T* O (P = 1mp) "7 [2P7)

It is often conventional to carry out the calculation in the frame with P, = ¢,/2, Py = —¢q,/2 and P; =P =
qy = 0, such that 6 = 0 [101, 94, 102]. We adopt the GK prescription [96, 102] to calculate the elastic form
factors, namely the charge form factor G¢(g?), the magnetic form factor G(¢?), and the quadruple form

factor GQ(qz).

1
Gelg") =313 =20}y + 1§ _y + 2201,

2
Gulgd) =21}, - \/;1;0 : 2.74)

2
Golg®) == 3 V2Mnl}y + I = N2uli ol
Here we present the form factors of the spin-1 heavy quarkonia using their light-front wavefunctions

solved in the valence Fock sector [3]. We carried out the calculation in the Drell-Yan frame using the

J-current: Fig:2.7-shows.the-numerical results of the charge form factors for the spin-1 states of heavy
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quarkonia below their respective open-flavor thresholds, those states are charmonia J/, ¢(2S), ¥ (1D),
Xc1(1P) and h.(1P), and bottomonia T(1S5), T(2S), T(3S), T(1D), xp1(1P) and hp(1P). The magnetic and
quadruple form factors of those states are shown in Fig. 2.8 and Fig. 2.9 respectively.

The results show a good convergence trend as the basis cutoff increases as Njax = Lmax = 8, 16,24, 32.
We take the largest basis Npax = Lmax = 32 as the result, and use the range between Npax = Lmax = 24
and 32 as the uncertainty. The comparison between charmonia and bottomonia is also of interest. For
comparable states (those plotted on the same graph), the form factors show similarity in their patterns.
Bottomonium is associated with a larger mass scale and is broader in momentum space.

The multipole moments of the hadron are defined from the corresponding form factors at small momen-
tum transfer. They are the charge root-mean-squared (rms) radius <rfl>, the magnetic moment u, and the

quadrupole moment Q [98],

d
2\ _ i A 2
(ryy =lim =6--Gc(q”), (2.75)
p=limGy(q*), (2.76)
t—
—1; 0 2
Q=1lim3 \/Ea—tGQ(q ), (2.77)

where 1 = —¢>.

Note that for quarkonium, we calculate the fictitious charge radius contributed from the quark only, as
done for the charge form factor. But for a charged hadron, one should consider its charge radius that sums
over the contributions of all constituent partons, see discussions in Section 2.2.3. The charge radii, magnetic
moments and the quadrupole moments of spin-1 quarkonia are summarized in Tables 2.5, 2.6 and 2.7,
respectively. In these calculations, we take the light-front wavefunctions calculated from the BLFQ approach
with a running coupling on the one-gluon exchange term [3]. The results are close to those calculated with
BLFQ light-front wavefunction of the fixed coupling [48, 66].

As shown in Table 2.6, the BLFQ results of the magnetic moments for those mesons are above the
canonical value of 2 with the running-coupling LFWE. The canonical magnetic moment is obtained when
the overlaps of states of different magnetic projections vanish, i.e. If“’o(q2 =0 = I;r,_l(q2 =0)=0in

Egs. (2.74) and (2.76). In our calculation, the deviation from 2 comes from the non-vanishing ratio of the
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Figure 2.7 The charge form factor of spin-1 states of heavy quarkonia at different basis

truncations, Npax = Lmax = 8,16,24,32. The light-front wavefunctions used

in these results are solved in the BLFQ approach at different basis truncations
(Nmax = Lypax = 8, 16’ 24, 32) [3]
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-30 -20 -10 0 -30 -20 -10 0
7*(GeV?) 7*(GeV?)

Figure 2.8 The magnetic form factor of spin-1 states of heavy quarkonia at different basis trunca-
tions, Nmax = Lmax = 8, 16,24, 32. The light-front wavefunctions used in these results
are solved in the BLFQ approach [3].
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Figure 2.9 The quadruple form factor of spin-1 states of heavy quarkonia at different basis trunca-
tions, Nmax = Lmax = 8, 16,24, 32. The light-front wavefunctions used in these results
are solved in the BLFQ approach [3].
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Table 2.5 The charge mean squared radii (rﬁ) [Eq. (2.75)] for spin-1 charmonia and bottomonia.
The difference between the Nyax = Lmax = 24 and 32 values are presented as the uncer-

tainty in the BLFQ results.

BLFQ (running-a [3]) BLFQ (fixed-a; [48]) CI Lattice DSE

(fm?) .
this work [66] [89] [90] [91, 92]
JIy 0.0402(2) 0.045(3) 0.068 0.066(2) 0.052(3)
Xel 0.066(0) 0.075(2)
h.(1P) 0.106(1)
W’ 0.13(0) 0.15(1)
w(1D) 0.13(0)
T 0.015(0) 0.016(1) 0.038
Xbl 0.028(0) 0.0270(4)
hp(1P) 0.048(0)
v 0.053(0) 0.057(3)
Y(1D) 0.06(0)
Y’ 0.097(0)

Table 2.6 The magnetic moment u [Eq. (2.76)] for spin-1 charmonia and bottomonia. The differ-
ence between the Npmax = Lmax = 24 and 32 values are presented as the uncertainty in

the BLFQ results.
BLFQ (running-a [3]) BLFQ (fixed-a; [48]) CI Lattice DSE
this work [66] [89] [90] [91, 92]
JI 2.05(0) 1.952(3) 2.047 2.10(3) 2.13(4)
Xet 2.40(0)
h.(1P) 2.99(1)
4 2.02(0) 2.05(2)
Wy (1D) 3.36(0)
T 3.38(0) 1.985(1) 2.012
Xbl 2.46(0)
hyp(1P) 2.99(0)
T’ 2.01(1) 1.992(1)
YT(1D) 3.38(0)
) 2.01(0)

www.manharaa.com



53

off-diagonal hadron matrix element to g, lfo(qz)/q, at ¢> = 0 according to Eq. (2.74). This value thereby
reflects the subtle structure of the mesons. Meanwhile, one should be aware that different values of the
magnetic moments could be obtained when a different prescription is chosen in extracting the elastic form

factors (cf. the GK prescription in Eq. (2.74)) [101].

Table 2.7 The quadrupole moments Q x M? [Eq. (2.77)] for spin-1 charmonia and bottomonia. M
is the mass of the corresponding meson, which are taken from PDG [2] if available, and
the T(1D) mass is taken from Ref. [3]. The difference between the Nyax = Lmax = 24
and 32 values are presented as the uncertainty in the BLFQ results.

BLFQ (running-a; [3]) BLFQ (fixed-a; [48]) CI Lattice DSE

this work [66] [89] [90] [91, 92]
JIy -0.816(4) -0.78(2) -0.748 -0.23(2) -0.28(1)
Xcl -6.74(6)
h.(1P) 6.45(0)
W 0.45(7) 0.2(2)
w(1D) 7.3(2)
T -0.668(2) -0.731(9) -0.704
Xbl -19.7(0)
hy(1P) 31.1(0)
T’ 0.25(4) 0.1(1)
r(1D) -22.5(0)
B 1.5(1)

Table 2.7 shows that the meson states with orbital excitations have rather large quadrupole moments
from the BLFQ calculation, such as y;; and T(1D). The quadrupole moment describes the effective shape
of the ellipsoid of the charge distribution. A large magnetic moment indicates a strong deviation from the

spherically symmetry, which is expected for states assigned as P-waves and D-waves.

2.3 Radiative transitions

The electromagnetic (EM) transition between quarkonium states, which occurs via emission of a photon,
wa — Ypy, offers insights into the internal structure and the dynamics of such systems. The magnetic dipole
(M1) transition, which takes place between pseudoscalar and vector mesons (Y4, ¥ = V,P or P, V), has

been detected with strong signals [2] and stimulates various theoretical investigations [103, 14, 6, 7, 104].
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Similarly, the EM Dalitz decay [105], w4 — ¢gl™I~, can be treated by coupling a virtual photon to the final
lepton pair. The Dalitz decay, also known as the leptonic conversion decay, provides additional information
about the meson structure owing to the virtual photon kinematics. Though widely observed in the light
meson sector, such as ¢ — 7’e*e™ [106], ¢ — nete™ [107, 108], and w — 7le*e™ [109, 110], only a few
such decays have been detected in the heavy sector. The observed Dalitz decays of quarkonium are decays to
a light meson plus a lepton pair, such as J/¢ — ne*e™, J/r — n’ee” [111], and ¢(3686) — n’e*e™ [112].
We investigate the M1 EM Dalitz decay with initial and final mesons both being heavy quarkonia, in the

hope of providing another probe of the interaction of quarkonium states with photons.

2.3.1 Transition form factor and decay width

The Lorentz covariant decomposition for the electromagnetic transition matrix element between a vector

meson (V) and a pseudoscalar (P) is [90],

2V(g*)
me + meqy

I, = PPINIHO) V(P m)) = PPy Pyes(P',m)) , (2.78)

where ¢* = P"* — P* represents the momentum transfer between the two mesons. V(g?) is the transition form
factor. mp and m«, are the masses of the pseudoscalar and the vector, respectively. e, is the polarization
vector of the vector meson, and m; = 0, +1 is the magnetic projection. A detailed derivation of the Lorentz
decomposition can be found in Appendix D.3.

In the physical process of V — P + y, the photon is on shell (¢> = 0). The transition amplitude is:
Moy 4 = (PPN IHO) VP’ ,m)p)) €, 1(@lge—o » (2.79)

where ¢, is the polarization vector of the final-state photon with its spin projection 4 = +1. The decay
width is usually measured in the rest frame of the initial particle, as such, the momenta of the initial meson,
final meson, and the photon read (see Appendix A.1 for the convention of ordering the 4-vector components

in light-front coordinates),

P, = (mq/, niey, 0, 0) 5

P = (\Jmd+ K2\, +K2.K,0).

g=P - P=(kk —k,0).
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The momentum of the photon is determined by energy-momentum conservation, |§] = k = (m(zv - m?o) [2mey.

The transition amplitudes for different polarizations are,

imeyk
F—F0, m;=0,4==l
W 2v2"
_ 9 imak
Mot = my |~ mi=LA=sl (280)
imeyk
4 m]'=—1,/1=il

The decay width of V — P + y follows by averaging over the initial polarization and summing over the

final polarization.

3
17 1 ) (m3, —mg) IV(0)7
ING% = | dQ — - = . .
(V=>#+) f 1322 m2, 20y + 1 z; Moyl Qmay)}(mp + my)? QJy + Dm (2.81)
mj,

Jo = 1 is the spin of the initial vector meson. To calculate the width of # — V + v, exchange m« and myp,
and replace Jo with Jp = O for the initial pseudoscalar in Eq. (2.81).

The amplitude of the Dalitz decay V — P + [* + [ reads
, 1
M4 = (VP ,mpIJH0) IP(P)) ?W“ u, (2.82)

where iry*u is the leptonic current.
For the Dalitz decay Y4 — ypltl™ (Wa,¥p = V,P or P,V), the physical region of interest is 4ml2 <

q2 < (my — mp)?. The effective mass spectrum of the lepton pair could be derived as [113]:

drwa - ysl'l) _a |, 4m%(1 Zm?)l

da? -T(ha — T ar 2 2 )2
q°-T(Wa 111327) X qz q 2612 (2.83)
X[(l L4 )2 _ 4myg ]3/2 V(g®)
my —my)  (m2 —m2)* VO

2.3.2 Light-front dynamics

In principle, the transition form factor V(¢?) defined in Eq. (2.78) is Lorentz invariant. However, prac-
tical calculations usually take place in a finite Fock space, where the Lorentz symmetry is violated. Conse-
quently, two spurious dependences of the transition form factor could emerge, one on the current component

and the other on the reference frame. In such situations, knowing the current or frame dependence could
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help quantify theoretical uncertainties. One further issue to resolve is whether there exists a preferred current
or a preferred frame for calculations in finite Fock space such that the neglected contributions from higher
Fock sectors could be minimized. It is the purpose of our work to investigate the violation of the Lorentz
symmetry through these two effects.

Let us first study the transition form factor from different current components (u = +, —, x, y) and dif-
ferent magnetic projections (m; = 0, £1) of the vector meson, without choosing any specific frame. As in
the calculation for the elastic form factors in Section 2.2, we use JX = J* + iJY and J& = J* — iJY as the

transverse currents. From the vector decomposition in Eq. (2.78), we obtain the following formulas,

0’ m] = 0
: R /R
V(D) | L pep| DR S
v R 28
i [Pt P
5T ) =
P/RPL _ PILPR
im“vT, mj =0
W) | i [m;P'R +P'R*PRpL m2 PR+ pRpRpL .
by, = T = - ,  mj= 2.85
" e+ mey | V2 p+ prr j (2.85)
i m%PlL + PlLPRPL m(szL + PILP/LPR
V2 P ) P ] =l
PR P/R
—ierP+[F—F], mj:O
V() | i prpe[ PR P
o _ ) ] Lp RP*[—+ - —+] mj=1 (2.86)
T omep + mey \/§ P P
i ’+ + ; mg\/ PR PL P’L _ 1
A [ ( +2_ ,+2)+ (_+_ /+]’ mj=-
V2 (PH*  (P') Pt P
PL P/L
ierP+[F—F], m]=0
2V 2 ; m2 m2 PR P/R
Ik = 2V LP’*[P+(—7’ - — Y )4+ PL(— - +)], mj=1 (2.87)
I mp+my | A2 (PH)?  (Pr+)? Pt P
_LP'LP+[P_L_P_/L] mj=—1
V2 Pt Pl
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Those matrix elements are related through the Lorentz transformation, and all the non-vanishing 11 out
of the 12 different formulas in Equations (2.84) to (2.87) should lead to the same V(qz). The hadron matrix
elements of different current components but with the same m; can be related through the transverse Lorentz
boost as written in Eq. (2.51). In terms of the +, L and — hadron matrix elements, we get,

PP B+ PROWLIVP™ P+ P By m))

=(P(P*, POITLIVP Py um)) + Bu (PP POLT VP PLumy))
(PP, P+ PRI VP, P+ P B, m)) (2.88)
=(PP* PO (VP PLm)) + 2B, (PP POV P m))
+ B2 (PP PO IVP T, P m))) .
The above relations imply that, for each m; state of the vector meson, using J*, JR, JE and J~ should give
the same V(¢?). One exception is that with m ;i =0, V(g?*) cannot be extracted from J*. One can verify it by
applying Eq. (2.88) to Eqgs. (2.84), (2.85), (2.86) and (2.87). Though this transformation itself is kinematic
and survives the Fock space truncation, the current operator J* is not complete in the truncated Fock space.

Results from different current components may be different due to violations of Lorentz symmetry in-
troduced by the Fock sector truncation as well as by the modeling of systems. These approximations have
led to extensive discussions in the literature [70, 71, 72, 75, 73]. The “+” component, known as the “good
current”, is typically used, together with the Drell-Yan frame (¢ = 0), to avoid contributions from pair pro-
duction/annihilation in vacuum. This is also our choice in calculating the elastic form factors in Section 2.2.
The transverse components have been shown to be consistent with the “+” component in the limit of zero
momentum transfer in certain theories, such as the ¢3 theory [72] and the spin-0 two-fermion systems [73].
We have also shown in Section 2.2 that in calculating the charge form factor of the spin-0 particles, how-
ever only in the Drell-Yan or the longitudinal frames, using the transverse current would lead to the same

@ 9

results with the plus current. Another option, the component, is known as the “bad current”, due to its
association with the zero-mode contributions.
The question then arises: to what extent is the Lorentz symmetry violated by Fock sector truncation?

To be more concrete, for calculations in the valence Fock sector, are we expecting 11 different results (from

Equations (2.84) to (2.87)) or less?
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First, we expect that the results from different m; states of the vector meson might be different, since
the ladder operator relating those states is dynamic and cannot be preserved in the valence Fock sector.
Considering the symmetry between the m; = 1 and m; = —1 states, there are at least two different results,
one with m; = 0 and the other with m; = +1. Then, we know that for each m; value, using different current
components could make a difference if the transverse boost in Eq. (2.88) is not guaranteed. But the two
transverse currents, JX and JZ, should give the same results since rotations in the transverse plane should be
preserved in the valence Fock sector. Then, there are three different results for each m; state, from J gL,
or J~. Therefore, in total, there are five (not six, since the combination of J* and m; = 0 is not available)
different extractions of the transition form factors with different current components and different m; in the
valence Fock sector.

We summarize the formulas of extracting the transition form factor V(g?) from different current compo-
nents and different m; states of the vector meson in Table. 2.8. To simplify the expression, we take the two
variables defined in Sec. 2.2.1, z = (P’* — P*)/P’* and A, = g, - zIS)’l This also prepares us to study the
frame dependence. The five independent extractions in a truncated Fock space are indicated by five different
colors in Table. 2.8.

In the valence Fock sector, the five independent hadron matrix elements overdetermine the transition
form factor. In practice, the different prescriptions of extracting the same transition form factor could provide
a test of violation of the Lorentz symmetry in the calculation. But more importantly, we would like to know
if there is a preferred choice such that the result is closer to the true result that would emerge from a full
Fock space basis.

Working in the valence Fock sector, we take the impulse approximation, in which the interaction of
the external current with the meson is the summation of its coupling to the quark and to the antiquark, as
illustrated in Fig. 2.10. The vertex dressing as well as pair creation/annihilation from higher order diagrams
are neglected. The hadron matrix element can be written accordingly as a sum of the quark term and the

antiquark term:

(PPHIHO) VP m))) = eQs (PP Jy(0) ['V(P,m)) — eQp (PP JLO) V(P m))) . (2.89)
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Table 2.8 The formulas of extracting the transition form factor V(¢?) from different current compo-
nents and different m; states of the vector meson, derived from Eqs. (2.84), (2.85), (2.86)
and (2.87). The five independent extractions in a truncated Fock space are indicated in
five different colors: orange, green, red, blue and brown.

2V(q?
& mj = 0 mj = 1 mj = -1
me + meqy
. iN2If —iV2I*,
J - Pt AR prtAL
x il i21R iv2(1 - 1%,
may AR P'RAR (m3, — (1 - 2)?m3, — PRAL)
. iIt ~iV2(1 - It ~iV2It,
may AL (mg, — (1 = 2)>m3, — PLAR) PrEAL
;- —iP*I —iV2P* P} iV2P* P,

mey(ARPE— ALPR) - prt PrR(m, — PLAR) — P*PRmZ, P P'""(mg, — PRAL) — P*Plm,

Figure 2.10 Radiative transition from vector to pseudoscalar meson in |gg) Fock space represen-
tation within the impulse approximation. In these figures light-front time x* flows to
the right. The double-lines represent the hadrons. The solid lines represent the quark
or the antiquark. The wavy lines represent the probing photon. The shaded areas
represent the light-front wavefunctions. (Figure adapted from Ref. [9].)
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Bu restoring the quark charges, the current operator reads J#(x) = e X\ ¢ O f@f(x)yf‘lp r(x) where i ¢(x) is the
quark field operator with flavor f (f = u,d,s,c,b,1). J, and J; are the normal ordered pure quark (bTb)
and antiquark (d'd) part of J*, respectively, where b (d) is the quark (antiquark) annihilation operator. The
dimensionless fractional charge of the quark is, Q¢ = Q. = +2/3 for the charm quark and Qy = Q, = —1/3
for the bottom quark. The electric charge e = V4magm. For quarkonium, due to the charge conjugation
symmetry, the antiquark gives the same contribution as the quark to the total hadronic current. So, for our
purpose, we calculate the hadron matrix element for the quark part. As such, we compute V(¢?) which is
related to V(qz) by

V(g?) = 2eQ;V(q?) .

We can then write out the hadron matrix elements in the valence light-front wavefunction representation

from the quark current, as in Egs. (2.90) to (2.93).

1 27
dx d kJ_ 1 Y (mj) 7 ’
I, :Zfo 2x(1—x)f Q2n) x 2V PPk (R ) (2.90)

Zf f d2kJ_ 1
m’ 2x(1 - X) (271)3 X PPt

x [w;m,(la, WL R 3 mE + (K + X PRYKE + xPL)]

o o 291
s p R U (R 3 ymg (K + xPE = K" = P @9

5K W R 3 gk + 2 PR — kR — xPR)

g p kL R 32 + (0 + X PR + xPRY |

Z f fdzkL 1
2x(1 —x) Qn)* X' PPt

x [w;g oKL K 3 x P (K + PR 0.9

* e mj) 7 ’ '’
+ WK, W 11, (K X ymg(xP* = X' P’

+ ‘r//ji/gl)(lzl, X)l//(l’?/jzv(/zj_, x/)x'P’Jr(kR + xPR)
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Zf fd kJ_ 1
nl, 2X(1 _ X) (27T)3 P,+XP+

X[y B 0 R X0 P R+ P

(2.93)
* l}’ (m;) E/ ’ ’pr+ +
+ ‘ﬁlg/p( L X)l,bﬁ/rv( 1L X )mg(X'P™" — xP7)
sk 0 R X xPE R+ P
Now let us analyze the transition form factors extracted from these hadron matrix elements. There are

five groups of combinations of the current component and the magnetic projection according to Table 2.8.

1. J*and mj = +1

The light-front wavefunction representation of the transition form factor reads,

- i(mq + 90) +
VI m=1(") =——=———(P(P)| I (O) [ V(P',m; = 1))
mj \/EP J
_iV2 (m(v + mp) Z f f Cr | x(1-2) (2.94)
2x(1 -0J @2n)} Vx+z(1-x
* 72 (m;=1) 7
X wsg/P(kJ_s x)'vbsg/(v (kL’ X ) .
Note that the m; = —1 state would lead to the same result, considering the symmetry of the m; = +1

light-front wavefunctions. According to Eq. (2.94), the transition form factor can be evaluated as a
function of z and A . It is evident from this expression that the overlapped spin components of the
two wavefunctions indicate no spin-flip (between spin-triplet and spin-singlet), which may appear

counter-intuitive for the M1 transition.

2. JRL andm; =0

Using J® and J current components should give the same result with the m; = 0 state of the vector
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meson. Here we present the expression derived from JX,

Vs m=0(q%)

=- l";“v—”“’ PP IFO) VP mj = 0)
_ v+ mp Zf f a2k,
2mrvAR 2x(1 - X) (271.)3
* 7 (mj=0) 72 2vx(l —2z) R_ X AR x(1 -2 (2.95)
* {%/P(kbxwmq/ (o ){ VIx+z(1 - x)]3(k zA )+ z \x+z(1- x)
(m;=0) 2myz

+ *5 (]_C)J_, W5 (I?’ /)
Ursyp(KLs W 5y, (KL, X V(I =lx+z(1 = 0P

7 (mj=0) 2 2 _XAR f x(1-2)
+¢’l§/'P(kJ_’x)'70l§/(V (kux){ NSRS _x)](kR ZA )+ = Z —x+z(1 _X)QR}}

We can further simplify the expression by taking advantage of the symmetries in the light-front wave-

functions,

m;=0 mi=0)x > " -
‘”(Tﬁq,)(kl,x) ‘ﬁ(ufq/) ke, x),  wqypke,x) =y ypke, x), 2.96)
m;=0) 7 m;=0) 7 - N :
‘/’(ufq/)(kbx) = lﬁiT;(v)(kJ_ax), Yryptky, x) = =g pp(ky, x) .

This leads to a partial cancellation of the first and the third terms in Eq. (2.95) and reduces it to,

VI n=0(q”)

B m(v+m¢>zf fdzla 2
2mey AR 2x(1 =0 J @} (1 - lx+z(1 - 0P

* 7 m;=0) 7, , « - mi=0
x (W5 R U R X RR = xR + i R 0w 0 R X gz |

(2.97)

__ll’)’kv+I’I’lng fdzkL 2
2my At Jo 261 =2) J Qn)° \x(1 = glx+2(1 - )P

1 * 7 (m;j=0) 7 * 7 (m;j=0) 7
X [[Ele—lT/P(kL’ x)‘/’TTi”/(V(ku X'+ ‘r//TT/gD(kJ.e x)%”{?;q; (k. x )](ZkR — xA®)

1 % e (m;=0) 7 ’ % 7 (m;=0
+ _[l//TT/p(kJ_, x)l//Tnf_j'.lT/(V(kJ_’ x)+ l//Tl_lT/P(kJ_s x)(//lnf;,v)(kb X )]qu]

V2

In the second equality, we adopt the notations of spin configurations as Y1+ 1 = (W1 ¥ 1)/ V2. This
would be convenient to study the non-relativistic limit. According to Eq. (2.97), the transition form

factor can be evaluated as a function of zand A | .
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3. JRL and m; = +1
According to our discussion, these four choices should give the same result based on the symmetry in
the transverse plane. However, this “equivalence” is not very explicit in the light-front wavefunction

representation, and we see two pairs of choices.

The first pair contains these two extractions: (JR and m ;i =1)and (JE and m i=-=1).
0 2
VlJR m,-:l (q )

l(l’)’l(v + mp)

V2PRAR
l(m(v + mp) Zf f dsz_
V2PRAR 2x(1 -xJ @n)?

(PPN IFO) V(P mj = 1))

(2.98)
* 7 (mj=1) 7 ’ 2 'R
X {ng/p(kJ_’x)wTs/q} (k' , x") N T KR+ (1 = AR + [x + z(1 = 0)]P'™)
R A A D 2mg?
L sy e e+l = O
« - (mjzl) =, , 2 x(l /R _ R
+l/’l§/7>(kJ_,X)l//l§/(V (K, x") Grl _x)]B(kR+x(1 z2)P xA )} .

Unlike extracting the transition from factor with the first two choices as in Egs. (2.94) and (2.97),
fixing the values of z and A, could not uniquely determine the transition form factor in Eq. (2.98).
There is an extra dependence on the transverse momentum, B, or equivalently on P or G.. This

implies that the transition form factor extracted this way is not invariant under the transverse boost.

To investigate such dependence, we calculate the transition form factor of J/y — 5.y by letting z = 0
(this is the same as choosing the Drell-Yan frame, see the definition of frames in Section 2.2.1) and
varying the value of PR. Note that by setting z = 0, A, becomes 7., and ¢* should be determined
directly from the value of A . as q2 = —|& 1 |?. For convenience, we define the transverse momentum
fraction & such that P’® = £AR. Note that & can be any complex number, and here we consider its
real domain of —oco < ¢ < +oo for simplicity. We could thereby extract the transition form factor
numerically as a function of ¢> and ¢ according to Eq. (2.98). It is noticeable that in the limit of
& — +00, Eq. (2.98) reduces to Eq. (2.94), that is to say, limg e V15 n,=1(¢%) = VIj+ m;=1(¢%). From

the results in Fig. 2.11, we see a dramatic dependence of V| TR mj= 1(g%) on £. This might imply that
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the extraction V| JRvmjzl(qz) is heavily affected by the Fock space truncation and should not be used in

practical calculations.

Figure 2.11 The transition form factor of J/¢y — n.(1S) + y calculated according to Eq. (2.98)
at z = 0 with different values of & = PR/AR. In this plot, 0% = —q2 = —|K 12, and
VIgk =1 (V1y+ mj=1) is labeled as f/ff;j:l (17,;]:1). In the limit of £ — =00, V|x,, _1(¢?)
reduces to V| J+,mj=1(q2), and it is shown in the red solid line. The light-front wave-
functions used in this calculation are obtained through the BLFQ approach in Ref. [3].

The second pair contains (J® and m j=-—1)and (JE and m i=1D.

Vg m=-1(6%)
iv2(1 -z)

T m2, — (1 - 2)%m3, — PRAL

~ iV2(1 - 2) Zfl dx fdzla
= (1= 22m2, — (1= PR = ARAL &y 2x(1-x) ) 2n)

X {t//}}/p(lﬁ, L DR R + (1= 0AR + [x+ 21 = 0]P)

(PPIFO VP mj = -1))

(2.99)

2myz
\/x(l —lx+z(1 =x))°
+ ‘ﬁig/p(la_, X)lﬂ(mjz_l)(]gj_, x’)(kR + x(1 - z)P'R — xAR)}

% - =—1) =,
Wy, i LX)

Ls/v
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This formalism of extracting the transition form factor also has the problematic dependence on P’%,

and is therefore not practical to use.

4. J andm;=0

In this combination, the light-front wavefunction representation of the transition form factor reads,

‘A/l (2)_ —lP+ Zf fdkj_ 1
Im=0N) = (ARPL — ALPRY 2x(1—x) Q2n)* X' P xP+

* 7 m;=0) 7 ’ /' p’
X |Waspky, x)t//(ﬁjq, "R, )2 + KR+ ¥ PRYKE + xPh)

(mj=0) (2.100)

+ w?i/?’(lzl’ x)wlg'/rv (l?j_’ x,)mq(kL + XPL - k/L - X’P,L)
* 7 i=0) 7, ’ )
+ wlg/P(kJ_a X)W(T’;l'//(v)(k , X))my(k Ry x PR iR - xPR)

+ W5y 00570 R X + (K 4+ X PR + 5P

We can simplify this expression by applying the symmetries in the light-front wavefunctions in

Eq. (2.96).

) d? kL 21 -
V|J m,-O(‘I ) = (ARPL ALPR) Zf 2x(1 - X) f (277)3 m
x| Wil x)‘ﬁ(TI?/j(:vo)(l?’ XD20[(K”Y + X PPYKE + xPY) — (K + X' PY)(K + xP))

# Wy O R X200 R 4 xP = K = 5P|

(2.101)

As in Eq. (2.98), fixing the values of z and A could not uniquely determine the transition form factor
in Eq. (2.98). There is an extra dependence on the transverse momentum of the initial state, ﬁl This

implies that the transition form factor extracted this way is not invariant under the transverse boost.

5. J andm; = 1

With this combination, we see the extra dependence of the transition form factor on the transverse
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momentum, again.

o + pr+ 1 27
Vlg-m=1(4) = ) AEars 2 Zf i fd kél' -
PP (my, — PEAR) — P*PRmZ, <4 Jo 2x(1 = x) J 2n)° ¥ x' Pr*xP+
s 7 =0 72 ’ ' p’
X |Ws K e R ) m2 + (R + 2 PRYKE + 2P

(mj=1) (2.102)

+ UK, 0 R X mg (K" + xPt = K = 5 P
* i i=1) 7 ’ ’ /' p?
R W R 3 (kR + PR — kR — xPR)

% 7 i=1) 7 ’ ’ /D
gk e R 3l + (fF + X PR + xPRY |

To summarize, only two combinations of the current component and the magnetic projection of the vec-
tor meson could unambiguously extract the transition form factor from the valence hadron matrix element:
they are V| JR/LM_/_:O(qz) in Eq. (2.95) and V| j+,mj:i1(q2) in Eq. (2.94). The other choices are not invariant

under the transverse boost, and are therefore not very useful for calculating the transition form factor.

2.3.2.1 The nonrelativistic limit of V|, _o and V|- =1

From the above discussions, we see that using J¥ with m i = 0 and using J* with m; = 1 are the two
possible choices of extracting the transition form factor in the valence Fock space. Though, in principle,
these two choices should be equivalent due to Lorentz covariance, adoption of certain approximations in the
model may lead to violation of the Lorentz symmetry that would be evident through nonequivalent results.
In this section, we will further study these two choices and in particular their nonrelativistic limits.

In nonrelativistic quantum mechanics, magnetic moments and transitions can only be extracted from the
current density J = (J*, J?, J7) rather than the charge density J°. Therefore one may expect that for the M1
transitions in nonrelativistic systems such as heavy quarkonia, the transverse current density J\ could be
better than the charge density J*. Indeed, V| 7+m;=1 does not involve spin-flip between the initial and final
states, as in Eq. (2.94), while % R =0 includes such contribution as in Eq. (2.95).

In the nonrelativistic limit, the M1 transition with the same radial and angular quantum numbers (e.g.
VYnS) — PnS) + ), is often referred to as allowed, for which the transition amplitude is large and
V(0) — 2 as a result of the similarity between the spatial wavefunctions of the vector and the pseudoscalar

mesons-with-the.same.spatial.quantum numbers; whereas the transition between states with different radial
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or angular excitations is referred to as hindered, for which the transition amplitude is zero and V() - 0
at the leading order due to the orthogonality of the wavefunctions [114, 103, 115, 116]. The deviations of
experimentally measured results from those nonrelativistic limits indicate relativistic effects [2]. For a heavy
quarkonium system, which is close to the nonrelativistic domain, such deviations are expected to be small
but nonzero.

The wavefunctions of heavy quarkonia, treated as relativistic bound states, are dominated by those com-
ponents that are non-vanishing and reduce to the nonrelativistic wavefunction in the nonrelativistic limit.
These wavefunction components are therefore referred to as the dominant components. It is necessary to
emphasize that despite the correspondence between the dominant spin components and the nonrelativistic
wavefunctions, the former carries relativistic contributions when solved in a relativistic formalism. There
are also wavefunction components of purely relativistic origin, which vanish in the nonrelativistic limit and
are therefore subdominant.

In practice, the dominant components tend to be better constrained, while the subdominant ones are
more sensitive to the model and numerical uncertainties. For the pseudoscalar states resembling S-waves
(in particular n'So), ne(nS) and n,(nS), their dominant components are the spin-singlets 1 _|1,9, while
relativistic treatments would also allow them to have subdominant components, such as y17/p = ¥, /P

Analogously, for the vector states of heavy quarkonia resembling S-waves (in particular n*S1), y(nS) and

mj=

1 /(V and a,.// i /rv For those vector states

T(nS), the dominant components are the spin-triplets, 1//T o+ “ ¥

identified as D-waves, (n>D1) and T'(n>D;), where orbital excitations occur, all the spin-triplet components

m;j=0,+1 m;=0,+1

eleirye Yy and Y/ u /(vf exist in the nonrelativistic limit and are considered dominant, and only

L mj=0,x1 . . . . .
the spin-singlet components z,l/T l]— ”J;(V are subdominant. In detail, the spin components with larger orbital

*m,

e ne = +1) and /7, (m; = 2), have the

angular momentum projection my = m; — ;bTT /(V -
largest occupancy. The less occupied components, 1,//T I+ ” /rv(mg =0), 1//T o+ ” /,V(mg 1) and l//TT /(V(mg 0),
could also exist in the nonrelativistic limit. Moreover, the spin components with m, = 0 admit the admixtures
of S-waves, though the actual amount of such admixtures is small and sensitive to both the model parameters

and the truncation. For example, the /(3770) [(1D)] state, though primarily a 1D, state, has contributions

from 1S | states (notably 238D [117, 118, 119, 120], and these S-wave admixtures are responsible for the
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nD — n’S + vy transitions [121, 122, 123, 116]. In order to have a more intuitive view of the dominant and

subdominant spin components for those states, we take the LFWFs from Ref. [3] to show in Fig. 2.12 the

proportions of those dominant and subdominant components of heavy quarkonia. For all those pseudoscalar

and vector states, the dominant terms could each occupy 88% ~ 100% of the whole LFWF, suggesting

that the heavy quarkonium indeed resembles a nonrelativistic system. The comparison between the same

states of the charmonium and those of the bottomonium also reveals that the dominant component is more

pronounced in the heavier, and less relativistic, system.
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Figure 2.12 Comparison of dominant and subdominant LFWF components for pseudoscalar and
vector systems in heavy quarkonia. Single (double) apostrophe stands for the radial
excited 2S (3S) state. LFWFs are taken from the Ny.x = Lmax = 32 result of Ref. [3].
The numbers in white suggest the occupancy of the dominant spin components for

each state. (Figure adopted from Ref. [9].)

www.manaraa.com



69

It follows that in calculating the transition form factors, we can examine the two procedures, V| JR,mj:()(qz)
presented in Eq. (2.95) and 1% J+,mj=1(q2) presented in Eq. (2.94), in terms of their proximities to the nonrel-
ativistic domain. The result of V| JR,mjzo(qz) mainly comes from the overlap of the dominant components,

"l’(TTi:l(;)/(VWTF Y whereas even the major part of V| J*m=1 (¢%) involves the subdominant components, such

as 1//(T"qu,zvl )k[/% /P and ;l/(T"f’_ :l?/q,t//’f L-11/P" In heavy quarkonium, the dominant components tend to be better
constrained than the subdominant ones which suggests that % JR,m_/.:O(qz) is more robust than V| Tt mj=1 (612).
The nonrelativistic limit at > = 0 can be achieved for V| JR’mj:O(qz) by adopting nonrelativistic wave-
functions where only the dominant spin components exist. However, with V| J+,m_/.:1(q2), simply taking the
nonrelativistic wavefunction would always lead to zero since the expression in Eq. (2.94) involves the sub-
dominant terms. To be specific, we examine the transition form factors at g> = 0 by taking z = 0 and
A L= 0 1, where they can be interpreted as the overlaps of wavefunctions in coordinate space [&(S";j )(? LX),
shown in Eqgs. (2.103) and (2.104). Though equivalent to Eqgs. (2.95) and (2.94) at g> = 0 respectively,

Egs. (2.103) and (2.104) do not have the complicating factor of 1/AR and are therefore more intuitive for

the purpose of illustration.

00 27
A m + m.
V1 =0(0) = f dr, : v f f d0_
0 ey (2.103)

0 0 ~
x [~ wﬁ’f;”)w(n,e T3, pl(re6.0) = wé?;(v)(u,e,xwﬁm(m,e,x)]}

R 0o \/E + 27
V|]+,mj:1(0) :f er_{Mf dxf de(l —x)r%_ cos @
0 4n 0 0

1 (2.104)
X Z :,//i’:/f(V .6, W5 1p(ri, 0, x)}

Note that in the nonrelativistic limit, the wavefunctions of the respective pseudoscalar and vector states
with the same radial and angular numbers are identical in their spatial dependence, and they only differ in
their spin structures. For the allowed transition, V| 78 m;=0(0) = 2 due to the normalization of the spatial
wavefunctions, which can be seen from Eq. (2.103) along with taking x — 1/2 +k,/(2m,) [3] and small hy-
perfine splitting mp ~ m-. For the hindered transition, V| 78 m;=0(0) = 0 due to the orthogonality of the two
wavefunctions. Such a nonrelativistic reduction that takes advantage of the near orthonormality of wavefunc-
tions is reminiscent of the nonrelativistic quark model (see Refs. [114, 103, 115]). However, for V| Jm=1 (0),

therealization-of the-nonselativistic limits depends strongly on the details of the subdominant wavefunctions
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which are less constrained in the parameter fitting. For the hindered transition, where cancellation occurs,
this leads to a strong sensitivity to the truncations and to the model parameters. Fig. 2.13 presents the in-
tegrands (those inside {...}) of V| JR’ijO(O) and V| 7+m;=1(0) according to Egs. (2.103) and (2.104) for an
allowed (1S — 1§ + ) as well as a hindered (25§ — 1S + ) transition. In the left panel of Fig. 2.13, the
integrands of the allowed transition have no nodes resulting from the coherent overlaps of the two wave-
functions. On the other hand, the right panel of Fig. 2.13 shows significant cancellations of contributions

from the integrands which change sign due to nodes in the 2§ wavefunctions.

T g T T g T T T T T T g
1.0}- —JR,mj=0— 0.6|- —JR,Mj=0
J*,mj=1 J*,mj=1_
~ 08| ~ 04
> >
3 3 o2
= 0.6- S
& - 5
= = 0.0 \
Fo4|- g
= =
-0.2}-
0.2
—04|-
0.0 . | I ! . . | . | . | .
0 2 4 6 8 0 2 4 6 8
r. (Gev) r. (Gev™
(@ J/(AS) - n.(18) +y (®) 17:(28) = J/Y(1S) +vy

Figure 2.13 Integrands of V(0) according to Egs. (2.103) (JR,mj = 0) and (2.104) (J*,m; = 1).
As a representative of the allowed (nS — nS + y) transitions, the integrand in (a)
has the same sign in the entire r, region. On the other hand, (b) involves a transition
with radial excitation, which is sensitive to small changes in the cancellations between
positive and negative contributions. (Figure adapted from Ref. [9])

Based on these lines of reasoning, we suggest using the transverse current with m; = 0, i.e. V| JR’mj:O(qz)
as in Eq. (2.95), to evaluate the transition form factors for heavy quarkonia in the valence Fock space.
In general, such as for light mesons, one could calculate both V| JR,mjzo(qz) and V| J+,mj=1(q2) and use the

difference of the two as an certainty to quantify the violation of the Lorentz symmetry.
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2.3.2.2 Results: applications to heavy quarkonia

Now we apply the formalism of calculating the M1 transition form factor to the heavy quarkonia system.
We adopt wavefunctions of heavy quarkonia from the work of Ref. [3] using the BLFQ approach [1]. The
numerical calculations in this section are carried out with z = 0, i.e. in the Drell-Yan frame. We will study
the effects of the reference frames in the next section.

We first compare the two choices of extracting the transition form factors, V| JRm;=0 and V| T+ mj=1-
Fig. 2.14 shows the numerical results of four representative transitions in the charmonia system. There
are noticeable differences between the two ways of extracting the transition form factor, especially for the
hindered transitions. As already mentioned, we expect the calculation from V| JRm;=0 t0 be more robust,
since it depends on the dominant components of the wavefunctions.

We then present our results for selected pseudoscalar-vector transition form factors for charmonia and
bottomonia below their respective open flavor thresholds with the preferred procedure V| jR,mJ.:O(qZ) as in
Eq. (2.95). Fig. 2.15 shows our numerical results of the transition form factors in three groups, the allowed
transition nS — nS +7v, the radial excited transition nS — n’S +7y (n # n’) and the angular excited transition
nD — n’S + v, through a progression from upper to lower panels. As already discussed in the previous
section, for the allowed transitions we find V(0) ~ 2, whereas for the hindered transitions involving either
radial or angular excitations we have V(0) ~ 0. Transitions involving higher radial excited states feature
more wiggles in the curve, which is especially evident in the nS — nS + y transitions as n increases. This
18 because the radial excited states have transverse nodes. As a result, the transition form factors, in the
form of their convolutions [see Eq. (2.95)], are not monotonic. The comparison between charmonia and
bottomonia is also of interest. For comparable transition modes, the transition form factors show similarity
in their patterns as well as their behavior as a function of Np.x. Furthermore, as illustrated in the second row
of panels in Fig. 2.15, one observes that the P(nS) — V(n’S) + y transition form factors are very similar to
the V(nS) — P#’'S) + y form factors for n > n’.

Comparisons of V(0) from our calculations, with experiments (compiled by PDG [4]) and with other
models (Lattice QCD [11, 12, 13, 14, 15], Quark Model [6, 7, 8]) are collected in Table 2.9 and visualized in

Fig. 2.16. Most calculations, as well as available experimental data, give a value of the the order of 2 for the
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Figure 2.14 Transition form factors calculated from light-front wavefunctions [3] according to
Egs. (2.95) (JR,mj = 0) and (2.94) (J*,m; = 1). The dashed and solid curves are
calculated with light-front wavefunctions at Nyax = Lmax = 8 and Npax = Lmax = 32
respectively. The shaded areas in between indicates the numerical uncertainty from
basis truncation.
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Figure 2.15 Transition form factors for charmonia (left) and bottomonia (right) are calculated
from the BLFQ light-front wavefunctions [3] according to Eq. (2.95). In these plots,
Q? = —¢*. The first row shows the allowed transitions, the second row shows transi-
tions between different radial excitations, and the third row presents those involving
angular excitations. The dashed and solid curves are calculated with light-front wave-
functions at Nypax = Lmax = 8 and Npmax = Lmax = 32 respectively. The shaded areas in
between indicates the numerical uncertainty from basis truncation. As a consequence
of the UV cutoff from the basis, the largest Q*(~ Alzjv) at Npmax = 32 truncation is
31 GeV? (44 GeV?) for charmonia (bottomonia). (Figure adopted from Ref. [9])
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allowed transitions nS — nS +7y: All such data in Table 2.9 are between 1.5 and 2.5 with only one exception,

the relativistic quark model calculation of J/yy — 1. + y. This is in agreement with the vector V(nS) and

the pseudoscalar P(nS) mesons possessing very similar spatial wavefunctions, but different spin structures.

On the other hand, there is a significant spread in the theoretical results of the hindered transitions. This is

expected because the hindered transitions involve changes in radial quantum numbers and/or orbital angular

motions and are sensitive to delicate cancellations as discussed above. Considering the fact that only two

free parameters are employed by the model for quarkonia in Ref. [3] and the fact that we did not adjust any

parameters in our calculation for the transitions, the qualitative agreement with experiment and results from

other methods is encouraging.

=Y Y= =Y Yapy=m, Y-,

Y"-n; Yaop)-1,

= - Yap)-ne
1

1 1

V(0)

A

—10 T

1 1

by w
g%ﬁme

=

T T T T T
PDG O BLFQ(m;=0) ¢ Lattice A QM Vv GI Model™3

v

m
A

B -

I
m I

1
IW-n. ¢¥'-n. Yapy-ne

1 1 1 1 1 1 1
Yom  mp-Y Yo, Yapy=mYapy=my Y-, Yep)=mY e~

Figure 2.16 V(0) of charmonia and bottomonia transitions, calculated from Eq. (2.95) and summa-

rized in Table. 2.9. Extrapolations are made from Ny.x = Lmax = 8, 16,24, 32 using
second-order polynomials in N, . We use the difference between the extrapolated
and the Npax = 32 results to quantify numerical uncertainty which is indicated by the
vertical error bars on the BLFQ results (sometimes smaller than the symbols). We do
not include any systematic uncertainty. Quarkonia in the initial and final states are

labeled on the top and bottom of the figure. Single (double) apostrophe stands for
the radial excited 2S (3S) state. The D-wave states are identified as n°D;. The heavy
quark limit V(0) = 2 of the allowed (nS — nS + v) transition is shown in the dashed
line. Results from PDG [4], Lattice QCD [11, 12, 13, 14] and Lattice NRQCD [15, 5],
the relativistic quark model (rQM) [6] and the Godfrey-Isgur (GI) model [7, 8] are
also presented for comparison. (Figure adopted from Ref. [9])
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Table 2.9 V(0) for radiative decay between 0~* and 17~ charmonia (bottomonia) below the DD

(BE) threshold. Values from PDG [4] are converted from their decay widths according
to Eq. (2.81). Note that the uncertainties of meson masses propagate into that of V(0).
The BLFQ results are from Eq. (2.95). For these results, all meson masses are taken
from PDG [4], except that Y(13Dy), Y(2°D,) and n,(3S) masses are taken from Ref. [3].
Extrapolations for BLFQ are made from Nyax = Lmax = 8, 16,24, 32 using second-order
! . We use the difference between the extrapolated and the Nyqx = 32
results to quantify numerical uncertainty, which does not include any systematic uncer-
tainty. Uncertainties are quoted in parenthesis and apply to the least significant figures of
the result. Some lattice results are quoted with more than one source of uncertainty. The

lattice nonrelativistic QCD (NRQCD) [5] results are converted from their three-point

polynomials in N,

matrix elements with meson masses from PDG [4]. Values from the relativistic quark
model (rQM) [6] and the Godfrey-Isgur (GI) model [7, 8] are converted from their decay
widths according to Eq. (2.81) with their suggested meson masses, respectively. These
results are plotted in Fig. 2.16. (Table adapted from Ref. [9])

N Lattice [11, 12, 13, 14, 15, 5] Quark Model
O FDG 4] | BLFQ Dudek | Begirevi¢c | HPQCD | NRQCD | rQM | GI
JIw(18) = n.(18)y | 1.56(19) | 1.99(3) 1.89(3) 1.92(3)(2) | 1.90(7)(1) 121 | 1.82
1:(28) — J/y(1S)y 0.056(38) 0.32(6)(2) 0.099 | 0.20
Ww(2S) = n.(1S)y | 0.100(8) | 0.360(74) | 0.062(64) 0.097 | 0.31
W(28) — 128 )y 2.52(91) | 2.03(6) 201 | 2.18
w(1°Dy) - n.(18)y | <0377 | 0.035(2) 0.27(15)

w(1°Dy) = n.(2S)y | <5.84 0.121(21)

T(1S) — n,(18)y 2.00(1) 148 | 1.87
n5(28) — Y(18)y 0.080(27) 0.11(1) 0.050 | 0.12
m,(3S) = Y(18)y 0.033(12) 0.078(10) | 0.036 | 0.061
T2S) —= np(18)y | 0.070(14) | 0.156(30) 0.081(13) | 0.062(10) | 0.050 | 0.17
Y2S) — 17,(28)y 2.01(1) 2.17 | 1.99
(38) = Y(2S)y 0.059(27) 0.057 | 0.099
Y(13D1) = np(18 )y 0.0052(4)

Y(1°Dy) — np(28)y 0.0148(61)

Y(13D;) — np(3S )y 0.021(4)

T(3S) = pp(18)y | 0.035(3) | 0.079(10) 0.025(13) | 0.035 | 0.084
T(3S) = (2S)y | <0.167 | 0.145(33) 0.056 | 0.65
Y(3S) — 7,(35)y 2.04(1) 1.99 | 2.06
Y(23Dy) — (1S )y 0.010(1)

T(23D;) — n,(2S)y 0.010(2)

T(23Dy) — n,(3S)y 0.018(3)
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We also compare the two choices of extracting the transition form factors, V| JRm ;=0 and 14 J+.m;=1 through
\7(0). The ratios of V| j+’mj:1(0) over V| ]R’mjzo(o) are presented in Fig. 2.17. The hindered transitions have a
much larger fluctuation than the allowed transition, due to their sensitivity to the subdominant components in
one of the two spatial wavefunctions with different radial quantum numbers and/or different orbital motions.
The results with the J* current, V| ]+,mj:1(0), differ by up to 2 orders of magnitude from the more reliable

results with the transverse component of the current, V| 78 m;=0(0)-

n=>JW -0, Yapy-n, m=>Y Yo mp-=Y Yapyou, Y -n, Y -u5 Yen)-on,
T T T T T T T T T T

100.0— T

50.0— T ® f §:

S % ]

I B T T 7]

§ 10.0— * T % N

éﬁ 5.0 % T % % 2 E

S0 i & oz ]
pop BA L 1. . i o e . |
05 * |

1 1 1 1 1 1 1 1 1
T IN-ne W -ne bapy—=ne Yo =Y Y'ou, Yapy-=mYap)y-ny Y -=m Yen)~mY en)-1;

Figure 2.17 Ratio of VI J+’mj:](0) over V| JR’mj:O(O), calculated from Eq. (2.94) and Eq. (2.95) re-
spectively. The results are extrapolated to Npax = oo from Npax = Lmax = 8, 16,24, 32
using second-order polynomials in N, .. We use the difference between the extrap-
olated and the Npy.x = 32 results to quantify the numerical uncertainty (indicated by
vertical error bars). The allowed transitions are shown as filled triangles, whereas
the hindered transitions, involving radial/angular excitations, are shown as open dia-
monds. (Figure adopted from Ref. [9])

2.3.3 Frame dependence of the transition form factor

The dependence of the transition form factor on the current components and on the reference frame are
two typical measures of the violation of the Lorentz covariance in light-front dynamics. In Section 2.3.2,
we have shown that for calculations with light-front wavefunctions in the valence Fock sector, using the

transverse current J® with the m j = 0 state of the vector meson is preferred for the transition form factor
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V(g?), as in Eq. (2.95). We will take this choice for the purpose of studying the frame dependence in this
section.

Studies in the literature have revealed that the elastic and transition form factors could have different
results when evaluated in different reference frames [124, 72, 125, 78, 65]. Such frame dependence is
closely related to the Fock-space truncation that omits the non-valence contributions. In Sec. 2.2.1, we have
defined a parameter space of (z, A 1) to describe frames. There, different choices of (z, A 1) for the same q2
could characterize different frames. We will therefore calculate the frame dependence of the transition form
factor through a dense sampling on the (z, A 1) space.

Let us first analyze the potential effects of choosing different frames by looking into the light-front wave-
function representation of the hadron matrix elements, which are derived in Section 2.2.2. We immediately
find that z is the lower bound of the range of x; for the n — n matrix element in Eq. 2.35. As a consequence,
increasing the value of z would reduce the overlap region of the two wavefunctions in the longitudinal direc-
tion. We illustrate this effect in Fig. 2.18 by visualizing the convoluted valence wavefunctions [3] at different

(z, A 1) with the same ¢? for the transition J/y — 1. + ¥®). In the valence Fock sector, the light-front wave-

(mj)

p /h(lg 1,X) where (x, Kk 1) is the relative coordinates of the quark.

function can be written in the form of ¢
s represents the fermion spin projection in the x~ direction. Both the initial and final wavefunctions are
plotted in the same (x, K 1) space, where the initial state wavefunction would appear as being reshaped due
to momentum transfer. We can see that the information from the wavefunction in the longitudinal direction
is preserved best at minimal z.

For the n + 2 — n term, as in Fig. 2.5(b), a quark and an antiquark from the initial state annihilate
into a photon. The light-front wavefunction representation of the hadron matrix element is in Eq. (2.46).
The frame parameter z is now the upper bound of the range of x|, suggesting that decreasing the value of z
might reduce the contribution of the n + 2 — n transition to the full transition form factor. However, even at
z = 0, this parton-number-non-conserving term may yield a non-zero value, by generating zero-mode 5(x)
terms [126, 81, 71, 72]. In the space-like region, the Drell-Yan frame always has the minimal z = 0. In the

time-like region, it is the longitudinal-II frame that takes the smallest z. When the n + 2 — n contribution is

not accessible, which happens when the light-front wavefunctions are solved in a truncated Fock space, using
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those minimal-z frames seems advantageous in suppressing the parton-number-non-conserving contribution.
This observation suggests optimal frames for our meson systems solved from light-front Hamiltonian in the

valence Fock sector.

1.0
Ll 7= VAR W 2=045 W oy 15
0.6
= 10
0.4
0.2
5
0. 1. 2 .- 0 1 2
k1 (GeV) k1 (GeV) 0
(m;=0) 2, i 2 (m;j=0) i
(a) l'//Tl‘]"lT/J/W(x, =x+ Z(l - )C), kj_ = kL + (1 - x)AL) (b) L[/le_“/m(x, ki)

Figure 2.18 The valence light-front wavefunctions of mesons as they contribute (see Eq. (2.35))
to the convolution in the transition J/y — n. + ¥* at ¢*> = -3 GeV? in different
frames. According to Eq. (2.35), in this 2 — 2 parton-number-conserving term, the
initial state wavefunction of J/i would appear shifted and stretched to overlap with
the final state wavefunction of 7., when plotted on the (x, K 1) space. Shown in (a), the
wavefunction of J/y is shaped differently at different (z, A 1), i.e. in different frames.
The longitudinal dimension is preserved most in the Drell-Yan frame where z = 0. At
larger z, the information in the longitudinal region is reduced, and the transverse shift
becomes smaller. The largest z is achieved when A; = 0 in the longitudinal frame, in
this case, z = 0.45. Plotted in (b) is the wavefunction of 7.. All light-front wavefunc-
tions what we employ are calculated by Ref. [3] and here we only plot the dominant
spin components for the purpose of illustration. (Figure adapted from Ref. [10])

2.3.3.1 Results: applications to heavy quarkonia

We adopt light-front wavefunctions of heavy quarkonia from recent works [48, 3] in the BLFQ ap-
proach [1]. We calculate the frame dependence of the transition form factor through a dense sampling on
the (z, A 1) space.

Figures 2.19, 2.20 and 2.21 show numerical results for selected pseudoscalar-vector transition form fac-
tors for charmonia and bottomonia below their respective open-flavor thresholds. Those lowest states are the
primary foci of several investigations [127, 15, 14, 12, 114, 8]. They have been measured in experiments [2],

and their transitions are more readily detected with good statistics than higher excited states. Moreover, with
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their experimental masses, we have an entire landscape of frames in the (z, A)) parameter space according
to Eq. (2.30). The solid curve represents the Drell-Yan frame, the dotted and the dashed curves represent
the two branches of the longitudinal frame, longitudinal I and longitudinal II respectively. The shaded areas
represent all other frames with different z and A, . We also compare V(0) obtained in different frames with

available experimental data from the Particle Data Group (PDG) [2] in Table. 2.10.

Table 2.10 Comparison of V(0) from available experimental data and the BLFQ calculations in the
limiting frames. Values from PDG [2] are converted from their decay widths according
to Eq. (2.81). The BLFQ results are calculated using meson wavefunctions obtained
at Nmax = Lmax = 32. The Drell-Yan/longitudinal II is the preferred result, and the
difference between it and the longitudinal I quantifies the uncertainty resulting from

frame dependence. (Table adapted from Ref. [10])

A BLFQ
V(0) PDG [2]

Drell-Yan/long-1I  long-I
JIW(1S) = n(1S)y 1.56(19) 2.02 2.12
1e(28) = J/Y(1S)y —0.019 0.29
W(28) = n(18)y 0.100(8) 0.29 0.46
Y(2S) = n.(2S)y 2.52(91) 2.09 2.14
Y(1D) = n(18)y < 0.377 0.033 0.44
T(S) = np(18)y e 2.01 2.03
np(2S) = Y(AS)y -0.052 0.20
T2S) = np(18)y 0.070(14) 0.13 0.35
T2S) — mp(2S)y e 2.02 2.03
T(D) — np(1S)y 0.0048 0.19

For the transition form factor of the allowed transition, i.e. Y4 (nS) — Yyp(nS)y, Wa,¥p = V,P or P,V),
as in Fig. 2.19, there are no crossings between the curves of the longitudinal frame and the Drell-Yan frame.

In.these.casess-the-results-from-all other frames are represented by the enclosed shaded area. The frame
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dependence is relatively small, no more than a 5% spread at ¢g> = 0, as in Table. 2.10. For the transition
form factor of the hindered transitions, i.e. Ya(nS) — wp(m'S)yy(n’ # n), Wa,¥p = V,Por P,V), as in
Fig. 2.20, the curves of the longitudinal frame and the Drell-Yan frame cross each other, and their joined
lower bound forms the lower bound for the results from all other frames. The upper bound, however, en-
velops the Drell-Yan and the longitudinal results. The frame dependence of these hindered transitions is very
strong, indicating major sensitivity to the Lorentz symmetry breaking. This sensitivity seems understand-
able since these weaker transitions result from cancellations coming from different regions of integration.
Transition form factors of the hindered transitions with angular excitations, V(1D) — (1§ )y is shown in
Fig. 2.21.

We also compare charmonia and bottomonia at corresponding transition modes in Figures 2.19, 2.20
and 2.21. Such comparisons suggest that the frame dependence tends to be reduced for heavier systems,
presumably due to the overall reduction in relativistic effects.

It is natural to ask how frame dependence may be sensitive to the BLFQ basis truncation applied to these
valence Fock space calculations. For this purpose, we present transition form factors from different basis
truncations in Fig. 2.22. A trend towards convergence with increasing basis cutoff is observed in both the
Drell-Yan and the longitudinal frames. The frame dependence indicated by the shaded regions is shrinking
slightly with increasing basis cutoff but Lorentz symmetry breaking effects remain visible even at the highest
basis cutoffs.

From those results, we observe that the frame dependence of the transition form factor can be character-
ized by the two limits, the Drell-Yan and the longitudinal frames. Transitions with excitations in the lighter
system (e.g. 7.(2S) — J/yY(1S)y) admit the largest frame dependence, implying a stronger sensitivity to the
Fock sector truncation. Our suggested frames for the calculation in the valence Fock sector, the Drell-Yan
and the longitudinal-II frames, provide values of V(0) that are closer to the experimental data, as seen in

Table. 2.10.
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Figure 2.19 The transition form factor of the transition V(nS) — PnS)y of charmonia (blue
curves/shades) and bottomonia (red curves/shades), calculated with light-front wave-

functions at Nyax = Lmax = 32 basis truncation. Meson masses are taken from ex-
perimental data [2] in defining the frames according to Eq. (2.30). The solid curves
represent the Drell-Yan frame while the other curves represent the longitudinal I (dot-
ted lines) and II (dashed lines) frames. The shaded areas represent the results from all
other frames. The left panel shows the transition form factor at a larger scale of ¢?,
and the right panel focuses on the small ¢* region. (Figure adapted from Ref. [10])
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Figure 2.20 The transition form factor of the transition ¥4 (2S) — ¥p(1S)y Wa,¥p = V,P or
P, V) of charmonia (blue curves/shades) and bottomonia (red curves/shades), calcu-
lated with light-front wavefunctions at Npax = Lmax = 32 basis truncation. Meson
masses are taken from experimental data [2] for defining the frames according to
Eq. (2.30). The solid curves represent the Drell-Yan frame while the other curves
represent the longitudinal I (dotted lines) and II (dashed lines) frames. The shaded
areas represent the results from all other frames. The left panel shows the transition
form factor at a larger scale of ¢, and the right panel focuses on the small ¢> region.
(Figure adapted from Ref. [10])
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Figure 2.21 The transition form factor of the transition V(1D) — P(1S)y of charmonia (blue
curves/shades) and bottomonia (red curves/shades), calculated with light-front wave-
functions at Npax = Lmax = 32 basis truncation. Meson masses are taken from ex-
perimental data [2] for defining the frames according to Eq. (2.30). The solid curves
represent the Drell-Yan frame while the other curves represent the longitudinal I (dot-
ted lines) and II (dashed lines) frames. The shaded areas represent the results from all
other frames. The left panel shows the transition form factor at a larger scale of ¢,
and the right panel focuses on the small ¢> region.
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Figure 2.22 The transition form factors for charmonia (left panels) and bottomonia (right panels)
with different basis truncations. Meson masses are taken from experimental data [2] in
defining the frames according to Eq. (2.30). The solid curves represent the Drell-Yan
frame while the other curves represent the longitudinal I (dotted lines) and II (dashed
lines) frames. The shaded areas represent the results from all other frames. (Figure
adapted from Ref. [10])

2.3.4 The electromagnetic Dalitz decay

The effective mass spectrum of the lepton pair in the Dalitz decay can be obtained from the correspond-
ing transition form factor according to Egs. (2.81) and (2.83). The results of dI'(y4 — ygl*17)/ dq2 for eight
selected decays are shown in Fig. 2.23. The frame dependence is barely visible in the allowed transitions
as in the top four panels, but very substantial in the hindered transitions as in the bottom four panels. Such
different sensitivities to frames can be expected in light of the sensitivities observed for the transition form
factors in the time-like region. The allowed transitions are between states with similar spatial wavefunctions

(e.g. J/w(1S) — n.(1S)e*e™), whereas the hindered transitions are between states with nearly orthogonal
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spatial parts (e.g. ¥(2S) — n.(1S)e*e™). Therefore in the latter cases, the transition form factors and thus
the leptonic widths would admit strong cancellations between positive and negative contributions, and thus

become more sensitive to the finer details of light-front wavefunctions.

2.3.5 Covariant light-front formalism

So far we have been using the standard light-front approach to calculate the transition form factor. In this
section, we will study the transition form factor with a different approach, the covariant formulation of light-
front dynamics [70]. In the explicitly covariant light-front dynamics, the hadron wavefunctions are defined
on the general plane w - x = 0, where w is an arbitrary four-vector restricted to the condition w? = 0. The
standard light-front approach is recovered as a particular case for w = (w°, w', w?, w?) = (1,0,0, —1), where
the wavefunction is defined on the plane of x* = 0. The dynamical dependence of the wavefunction on
the light-front plane results in their dependence on w. The electromagnetic form factors should not depend
on a particular choice of orientation of the light-front plane in an exact calculation or in a given order of
perturbation theory. However, in approximate calculations, the non-physical dependence on w would arise
in the electromagnetic vertex. The covariant light-front formalism provides a method to extract the physical
form factors from such vertices.

The amplitude of the M1 transition is written in its explicitly covariant form as

2
I (P,P") = (PP IV(P,m))y =—————F*e,(P,m)) , (2.105)
/ ’ me + meqy

where the tensor F*” is decomposed on the general invariant amplitudes as

F* =™ PP, PsV(g?) + € PP wpBi(q*) + € P PawpBa(g?) + (WHP” + WY P'")B3(¢%)
| (2.106)
+ (WHWY + WM Ba(q?) + —P(W”PV + WYP*)Bs(q%)
w -
with WH = e“"”a)pP’(,P,l. V(qZ) is the physical transition form factor, and Bj 7345 are non-physical form
factors arising from the w-dependent parts. Note that in the exact calculation, the w-dependent parts cancel

each other and the standard Lorentz covariant decomposition as in Eq. (2.78) follows.

From Eq. (2.106), the physical form factor V can be obtained as,

V(Qz) = Eﬂvpa—Fyvq;)wU, (2.107)

20%(w - P)
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Figure 2.23 The effective mass spectrum of the lepton pairs in the Dalitz decays for charmonia
(left panels) and bottomonia (right panels). The dashed and solid curves represent the

and II frames respectively. The shaded areas represent the results from

Am?* = (my — mp)?* is the square of the mass difference between
e final mesons. Meson masses are taken from experimental data [2].
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where g = P'—P and Q° = —¢*. We follow the light-front graph technique presented in Ref. [70] to calculate
the amplitude. In the impulse approximation, F*” can be written as the sum of two contributions F*¥ = F Zv+
F7”, in which the photon coupled to the quark as F;" and the photon coupled to the antiquark as F};". We
will derive the transition form factor from F ZV. The diagrammatic representation of the radiative transition
from a vector meson ¢« to a pseudoscalar meson ¢ is shown in Fig. 2.24. The spurions represented as

dashed lines are the fictitious particles responsible for taking the intermediate states off the energy shell.

kg, s

Figure 2.24 Diagrammatic representation of the radiative transition from a vector meson ¢ to a
pseudoscalar meson ¢p. g = P’ — P. The dashed lines correspond to the spurions. The
wavy line represents the photon and it is coupled to the quark line.

It follows that

, (Y dx PR ,
FY = fo ST f (zﬂ;Tr[qsp(k,kq,m(kqm,,)y”(kq+mq>¢v<kq,kq,m<kq—mq>]. (2.108)

The ‘slash’ notation is defined as ¢ = a*'y,. The valence Fock sector light-front wavefunctions relate to ¢y,

and ¢p as

WKL) = eu(Pom k)l Ky kg, Pvs(hy) |
(2.109)

Yysip(x K = iy (K,)op(K,, kg, P )vs(ky) .
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¢z, and ¢y are subject to Lorentz structure decomposition,

1 > S
qyrly(kq’ kq’ P) =ﬁ(kq - kL?)ﬂgl(x’ kJ.) + yﬂgZ(x, kJ.)
q

mgwH

N (/e S
+ (k) + ——L T ey (x, k1)
w- P 2w - P
. 2 i) (2.110)
l Voo - mq -
s BY ¢ kakiprgs(e k) + gk

bp(K. kg P') =y° (X, K + ¢y fo(x' K .

One can thereby extract the structure functions g1, e and fi» from the light-front wavefunctions. The ex-

.....

pressions are in Eqs. (2.111) and (2.112). Note that we do not present gz and g¢ below since their expressions

are rather tedious and more importantly, they do not contribute to the transition form factor V(Q?) as we will

see later.
;) Vxl(l —X/) ;7
H(x k) = - W%T/P(x K1)
2.111
r 1 L VN ’ ( )
S Ky == —— | () Yryp(X kL) + maryyp (X', K )
2P+ X (T = ) (k)L
> mg VX(1 - x) =D, 7 2 m=1), 7
810k = e R kRkL)[ — KRR O kL) + @mg + KRR O k)
q
mj=1 2 mj=1 2
- mqu[t//(Tl;(V)(x, ki) - w(”;ry)(x, k_L)]]
> x(1 —x) m=1), = mi=1), -
Bk = gk (1 e R gl )
q
KRR 0 R — g R
l'le/(V (x, J_) lﬁ”/rv (X, J_)]
ga(x. k) =...
e 1 mi=1 e mi=1 - mi=1 e
galo k) = e [~ € — kR G k) — kR ) = (= 20mgu 1 (KL
> mq(P+)2 Vx(1 = x) (mj=1), o (mj=1), >
gsbnk) == 2 V2(m2 + kRKL)[2(P+)2kR — PR(PRKL — PLER)] [kaTT/'V (0 Ra) + K [y ()
mj=1 " mi=1 -
R U e R N)|
go(x. k) =...

(2.112)
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We assign momenta w7 and w7’ to the fictitious spurions in the initial and final particles respectively, as

indicated in Fig. 2.24. The conservation law reads,

P =ky+k; — wr, P':k;+kq—w7”.

(2.113)

In the Drell-Yan frame, g* = P’*—P*. It follows that x’ = x, l?i =k L +(1-x)7, and Q? = cﬁ The transition

form factor follows by plugging Egs. (2.110) and (2.108) in Eq. (2.107). One would need to compute the

following scalar products during the derivation. Scalar products of the mesons’ momenta,

P? = mﬁ,, P? = mg),
¢ =(P' =Py =-0
P-P = (md, +md+0%)2,
- 4 — 2 2 2
P-q=P-(P —P)=(-my +myp+ 0)/2,
/ _ ’ _ 2 2 2
P -gq=P - -(P—-P)=(-my+mp—07)/2.
Scalar products of the fermions’ momenta,

R=kKi=kZ=md kK =Cm+ QD)2
kg kg=(s—=2m)/2, k- -kg=(s"—2m)/2.
s and s’ are defined as
s = (ky + kg)* = m3, + 2P,
s’ = (K, + kg)* = mp + 2P" 7.

In terms of the relative coordinates, they take the forms of

) ) 2 2 2 32 2
s:kl+mq+kL+mq s/:kl+mq K |+ my
X 1-x~ X 1-x

Finally the scalar products between the fermions’ and the mesons’ momenta,

kg - :gmgv+1—;xs, kq-le%xm?V+§s,

kK P = gm?o+ ! 2xs', kg P = l%xmé+§s’,

by a =g+ 07 ~ K= l/2= 307+ 5= s —ndy 4
ky-q= —Q*2+ xPt(r-7') = —%Q2+ %(s—s'—m%,+m%),

ky P =ky- (P+qLk,-P=K,-(P'—q)ks-q=kg-(P' —P).

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)
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‘We then arrive at

I dx a2k i
2N _ 1
V(O _fo 2x(1 -x) J (2n)3 % 022m x(1 - x){

O filg1 (K + 2x = DI = 0kL - o +mi(2x = D)) + 2m(x — Dx[4ga + ga(2x = ]|
+20° fomgP* (x = Dxfg1(1 = 2x)7 + 2(x — 1)x{2g + ga(2x — D]
+ 2K, - o[ figi(x = DKL - 4o = 2figsx (kT + (1 = 0Ky - Gu +m3) + 4 fomgP* (x = 1x*(g — gs>]}.
(2.119)
We see that g3 and gg do not contribute to V(Q?). Two weight functions appear to depend on the momentum
of the mesons, f> and gs. However, in the transition form factor, f> always appears in the product of f>P*,
which cancels out the P dependence. In the denominator of gs, (PRkE — PLkR) would be zero if we ignore
the imaginary part, leaving gs independent of P. From Eq. (2.119), one could proceed the calculation with
light-front wavefunctions, such as from BLFQ [3].
This procedure extracts the transition form factor by considering all the four current components and
all three m; states of the vector meson, as opposed to the standard light-front calculation discussed in Sec-
tion 2.3.2. It might shed additional light on the Lorentz symmetry violations arising from Fock sector

truncation.

2.4 Decay constant

The decay constant of the vector meson is defined with the same electromagnetic current operator as the
elastic and the transition form factors, via the local vacuum-to-hadron matrix elements. The decay constant

of the pseudoscalar is defined with the axial current Jg‘ = Pyl P,

OOy PO [P(P) = iP* fp ,
(2.120)
(O1 POy P(0) V(P m;)) = myet(P,m)) fy .
Here mqy is the mass of the vector meson V. fp and fq are the decay constants for the pseudoscalar and the
vector respectively. Those decay constants can be accesses through various processes by experiment.

For a charged pseudoscalar, the decay constant is related to its decay via a virtual W* into a [*v; final

states-as-in-Fig+2:25.—To-the-lowest order, the decay width is related to the psudoscalar decay constant
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as [128]
G2 m%\2
Fpoy = s_yff%m?m%(l - m_é) Vil (2.121)
P

mep is the mass of the pseudoscalar meson #. my; is the mass of the lepton /, V4, is the Cabibbo-Kobayashi-
Maskawa (CKM) matrix element between the constituent quarks g;g» in $, and G is the Fermi coupling

constant.

Yy

W+
l+

Figure 2.25 The annihilation process for a charged pseudoscalar P* (such as 77, K™ and D*) de-
cays into a [*v; state. This diagram also indicates the process for the charge-conjugate
particle as P~ —» W~ — [7y,.

For a neutral pseudoscalar, its decay constant can be accessed via the two photon decay, as in Fig. 2.26.
Its relation to the decay width can be derived through a single pole fit to the transition form factor Fp, [129,

130], and the leading order approximation is

2
o

Tpoyy = 47Q}a,, (2.122)

mp
Qy is the dimensionless fractional charge of the constituent quarks, Q. = +2/3 for the charm quark and

Qp = —1/3 for the bottom quark.

v

Figure 2.26 A neutral pseudoscalar P° (such as 7, 7. and 77,) decays into two photons.

For a vector meson, the decay constant can be accessed via its dilepton decay, as in Fig. 2.27. It relates

to the experimental decay width as [129, 130],

4 f2
Ty = ?Q}aﬁm% . (2.123)
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l+

Figure 2.27 A vector meson V (such as J/y, T) decays into dileptons.

Since only the absolute value of decay constants matter when relating to decay width, I will drop the
i in the following calculation for convenience. The light-front wavefunction representations of the matrix

elements read,

- ' d d’k >
OFO PO PE) =\ Y, [ 5t [ S s

55((1 = )P, =k, + (1 = )P )y"y u(xP*ky + xPL) ,
(2.124)

_ b dx Pk mpy >
(O POYPO) [V(Pm)) =yNe Y fo T f Vs )

(1 — x)P*, ~ky + (1 = )P )y*ug(xP* k, + xP,) .
The derivation is very similar to that of the hadron matrix elements in Section 2.2.2. Calculations of the
spinor part are included in Appendix A.3.

In the discussion of the transition form factors, we see that differences could arise when different mag-
netic projections of the vector mesons are used, in combination with different components of the electromag-
netic current operator. It is then interesting to know how the decay constant would reflect such differences.
The decay constant is defined with the same current operator as the transition form factor, but it features
the simplicity of involving only one light-front wavefunction instead of convoluting two light-front wave-
functions. It therefore could provide a pathway for examining more specific information on the rotational

symmetry of light-front wavefunctions.
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2.4.1 Decay constant of the pseudoscalar

1. J}

folr —\/—f
-V,

f W’Tl/?’(kJ_a x) — lﬂn/w(la, x)]
3
“x(l —x)J Qn ) (2.125)

4 LX),
0 m f RS
In the second equality, we adopt the notations of spin configurations as 1+ |1 = (¥4 1)/ V2. This

would be convenient to study the non-relativistic limit.

2. Jt

Without loss of generality, we use JR = J* + iJ? as the transverse current to calculate the decay

constant. The calculation with J* = J* — iJ? is very similar and leads to the same result.

fol —ix/ﬁfl fdzh 2
PUE=pRNY Jo 2x(1=2 J @np Vai=n
[ = (kR + (1 = )PPy (KL, %) + (KE + xPRYA = p (KL, %)

+ mq(l — 2ok, X)) (2.126)
- VN,

=fplr .

= [y ek, x) = Wiq ek, 1)1

0 \/x(l_—x f 2r)?

In the second equation, | /p and kX7 11/p vanish under the angular integration. We then get exactly

the same result from u = +, as in Eq (2.125).
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3. JC

4%k,
Jeli =p- \/_f 2x(1 —x) f Qn)’ \/x(l P
{mg(=k% + (1 = x)P® = k¥ = xPRyyypp(k s, x)

+ [=m2 = (—kR + (1 = )PRYKE + xPEY W gk, )
+ [m2 + (=K + (1 = )PHYER + xPR) ek, ) (2.127)

+ mg(—k" + (1 = x)P" = K- = xPYyyp(K ., )1

_ ' &k, ,
= NC — 2 kR k ,
mg) + p’i \/—j(; [x(1 — x)]3/2 f(27r)3{ mgk“yy1/p(k L, x)

= 2mgk iy yp(Ke, x) + [m = K + x(1 = )P 1Wpy e (K, ) = wypyp(ke, )1}

In the second equation, Y1/, /» and kR/Lyry) ) 11/p vanish under the angular integration. The decay
constant from the J~ current component has an dependence on the meson’s momentum P, , so we
could not unambiguously determine its value. To match it with the extraction from the J* or the J*+
current, one would need to drop the subdominant wavefunction 11/ /» and replace the meson mass
by mg) - (mé — IE)_ZL) /[x(1 = x)]. The first condition is satisfied in the nonrelativistic limit. The second
condition implies nontrivial requirement on the wavefunction and the associated mass eigenvalue.

Note that the replacement is different from the invariant mass of m(z) = m; - (mé + l?i) /[x(1 = x)].

To summarize, in calculating the decay constant of the pseudoscalar, using the J* and the J* current com-
ponents are equivalent. The calculation with the J~ current has dependence on the meson’s momentum and

agrees with the two only under some nontrivial conditions. We suggest using J* or J* to calculate the decay

constant, fp = fpl;+ = fply-.

2.4.2 Decay constant of the vector

1. J*

Since e*(P,m; = +1) = 0, with the “+” component of the current the decay constant can only be
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extracted from m; = 0,

Syl mj=0 \/_f
.

d k =0) > =0) >
[y K0 + ) R )

= | o
x(l - J @ (2.128)
d? ki (mj=0)

0 mf )3le+lT/(V(kJ-’x)-

VA
With the transverse current, the decay constant can be extracted from both the m; = 0 state and the
m; = +1 state. For the calculation with the m; = 0O state, though we use the JR current in derivation,

using J* would lead to the same result.

d’k (m;=0) »
Pl m=0 = \/_ ) [x(l—x)]3/2 f (zﬂ)g[<—kR+(1—x>PR) U3y (ki)

i=0) > =0) >
+ (K + xPR><1 = R+ mgy U R 0]

- VAN,

(2.129)
d’k, (m =0)

0 \/x(l_—x f n)? Vi

=fvlremj=0 -

rv(]?J_, X)

In the second line, w(ff;,:‘? ) and thp(T'fﬁ?;(v

with that from J*, as in Eq (2.128). This should not come as a surprise. Recall that the “+” and the

vanish under the angular integration. We get the same result

transverse matrix elements with the same m; can be related through a transverse Lorentz boost [see

Eq. (2.88)].

To extract the decay constant with the m; = 1 state, we use JE and note that J® is not available since

RPmi=1)=0

N, 1 dx dsz_ L (m=1),»
Y P— [ Stk e
7 ! : \/Em(v 0 [.X(l - X)]3/2 (271')3 N + (2130)
m;=1 m;=1
+ B =17 ) = mgu DR L)

To extract the decay constant with the m; = —1 state, we use J R and note that J* is not available since

e“(Pmj=-1)=0

VN, ! dx fdzkl (m=—1) ,»
— By k.,
V2mqy Jo [x(1 = x))3/2 (27r)3[ Wi (D (2.131)

F IR =0y R ) + gy VR

qulJR,m_,':—l =

www.manaraa.com



96

Egs. (2.130) and (2.131) are equivalent by an overall minus sign. Considering that we take the absolute
value as the decay constant, it is safe to write fyljom=s1 = fvlsm=1 = fvlmm=-1-
J7

With the “-” current, the decay constant can be extracted from both the m; = O state and the m; = +1

state.
d’k, 1
Jvlimm=o0 _ﬁl \/_ o [x(1- X)]g/z f(zﬂ)3 p*
[—m%, — KRKE + (1 - x)xPRPL]W(TT;:vO)(kL» x) + ‘p(ir?;q/o)(kb Xl (2132

2
dsz_ my + K1 (m=0)

\/x(l—x f (27r)3 (1 - x)]wT“W“’(kL’x)'

)

(m;=0

N /(V vanish under the angular integration. The

.o . . (mj:O) R/L
In deriving the above equation, YLy and k™ 5y
troubling dependence on the meson momentum appear again for the J~ current. By comparing to the
calculation with the J* and J* currents, Eq. (2.128) or Eq. (2.129), we see that the substitution of
the meson mass to the invariant mass (m3, — mj = (m? + k2)/[x(1 = x)]) would bring J~ calculation

equal to J* and J*.

(mj=1)

Form; =14, ) 4/ and ‘f”u/v

vanish under the angular integration.

P* ! dx d?k, 1 R, (mj=1) o
f(V|J‘,mj=1 :—\/zm(VPR \/FLL [x(1 —x)]3/2 f(Zyr)3 F{ _qu wTT/(V (ky,x)

=1) > =1) -
+ (1= PR R ) - xRy ) (o)

_ ‘/]VC 1 dx dQ‘kJ_ L ,(mj=1) 7 (2133)
N2y Jo o | S E

mi=1) 7 mi=1) 7
SR - x)lp(”’;(v)(kb Xx) — mqw(ﬁ;(v)(kl’ x)]

:fq/|JL,m]':1 *
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1 g m=
For m; = —1, ¢!{[/ .y and g1/

P* ! dx d?k, 1 I m=—1),7
Ilrmamy=-1 :«ﬁm—mmfo [x(l—x)]mf G PP gy 0

=—1) > =—1) >
=R PR DR + (= PR R )

\/_ 1 dx de (mj__l)
" V2my x(l—x)]3/2f (2n;[_kR Wy ke, X) (2.134)

+RR(L - xw;”f;fv L)+ mw oK)

) vanish under the angular integration.

:f(Vl,]R,mj:— .
In calculating the decay constant of the vector meson with the m; = +1 states, using the J~ and the

J* currents agree.

To summarize, in calculating the decay constant of the vector, there are two choices on the magnetic projec-
tion of the particle state, m; = 0 and m; = +1. For m; = 0, using the J* and the J* current components are
equivalent, and the calculation with the J~ current agrees with the two by substituting the meson mass with
the invariant mass of the constituents. The calculation of foy|u;=0 = fvls+/ - mj=0 should follow Eq. (2.135),
which is equivalent to Eq. (2.128) or Eq. (2.129). For m; = +1, the J* is not available, and the J* and the
J~ currents give the same result. The calculation of fyln;=x1 = fyls- Jh =1 should follow Eq. (2.136),

which is equivalent to Eq. (2.131), (2.130), (2.133) and (2.134).

d°k; =00 -
fq/l"’/‘ V2N f mf(zﬂ_PleiiT/q/(kL’ x) , (2.135)
VN, dx d%k, (mi=1),> L (=),
JVlmj=x1 = f [=mg )y (ki x) = k= 7, (ko x)
T T By Jo (=012 ) @y Y T e (2.136)

(1= 7o) (R, 01

In the non-relativistic(NR) limit of x — 1/2 + k,/ (2mq), my — mq /2 and my >> k;, only the dominant

(m;=0)

o lﬁ(mj and wTT /(v ) survive as the NR wavefunction yhR

spin components of the wavefunction, W

The two choices of extracting the decay constants reduce to the same form, i.e. f,l‘\/’R Imjzo = ff‘\,’R |m,=¢ 1 as in
Egs. (2.137) and (2.138). Alternatively, we can write the NR limit of the decay constant in the coordinate
space, as in Eqgs. (2.139) and (2.140). In both cases, the leading order approximation of the decay constant is

proportional-to.the wavefunction-at the origin 7 = 0. Note that the derivation of the NR limit in Egs. (2.137)
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and (2.139) also apply to the pseudoscalar as in Eq. (2.125).

NR ke 1 ke i
W =0 = V2N f(27r)32m 2+2mq)(2 2mq)] wa S k)

&’k R
= ,/ZNCf WK (k) (2.137)

Qn) myl1 k2 AR

dk 1
— 2N, f —— —yNR(k) .

(2r)* my
- A Gk 1 k1 ks,
Sy lmj=x1 = \/§(2mq) (2ﬂ)32m [(2 qu)(z m )] mq;b R0
_ VN ( &k 4 (2.138)

2v2J e myll - K2 /m 2]3/2‘””( b
d3 k 1
— /2N, f —w%’%)

(2n)* mg

The non-relativisitic limits are also found in terms of the non-relativistic wavefunction in the the coordinate

space,
i 2N l ke 3k NR 7
Joy mj=0 = (2 )3 2(m )"+ (m Y+ IR k) o
V 3 .
L GR = 0) ¢ R = 0) 4]
t[ 8 q
\/2N d3k 3 k, 15 k. S
Flnj=s1 = 2 2(m—)2 + 2 oty
\/_ ! ! 2.140
2N, 7 NR r/NR 15 ~11NR /= ( )
Yo, "(7 = 0) = 9”/4/ P=0)+—¢y" " F=0)+..].
9 8y

In calculations with the light-front wavefunctions solved by treating the mesons as relativistic bound
states, the difference between foy|y;=0 and foy|;;=+1 could help examine the violation of rotational symmetry
in the modeling of the bound state system. This test is in the same spirit of examining the deviations of the
mass eigenvalues associated with different m;.

For vector meson states identified as S-wave states, both frylmjzo and fq;lmj:il arise primarily from the
dominant spin components of light-front wavefunctions, which relate to the nonrelativistic wavefunctions.
Moreover, the two expressions reduce to the same form in the nonrelativistic limit as we have found above.

Forvectormesonsstates-identified-as D-wave states, both f(V|mj:() and fry|mj:t1 are calculated mainly from the
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dominant but less occupied spin components of light-front wavefunctions (see Sec. 2.3.2.1 for discussions
of spin components for D-wave states). The two resulting small values are sensitive to model and numerical
uncertainties, and could reveal differences. Nevertheless, for the S-wave states of heavy quarkonia, we
expect to find robust results when either m; = 0 or m; = %1 is used to calculate fv. The parameters mq, and
my involved in f(v|m/.:i_ 1 might result in additional uncertainty but the resulting fluctuation should be small
for heavy systems.

We use both Eqgs. (2.135) and (2.136) to calculate the decay constants for the lowest three charmonium
and five bottomonium vector states below their open flavor thresholds. We take the same light-front wave-
functions as we have used in calculating the elastic form factor and the transition form factor in the previous
sections. The wavefunction is solved by the BLFQ formalism which extends the holographic QCD [61] by
introducing the one-gluon exchange interaction with a running coupling [3]. The results are presented in
Fig. 2.28, where basis truncations are chosen to match the UV cutoffs Ayy = k VNpax 1.7my [3]. The two
sets of results, fyln,=0 and foyly;=+1, are all within each others’ uncertainties for the five S-wave states in
Fig. 2.28. Such consistency implies that the rotational symmetry is reasonably preserved in these light-front
wavefunctions we adopted. For the D-wave states, the decay constants are small but differences between
ffv|mj=0 and f(ylmjzil can be noticed since each result depends on different small components. By impli-
cation, the transition form factor V(g?)| J&m ;=0 calculated using the transverse current, with its overlapping
dominant components of both the initial and the final light-front wavefunctions, is further indicated as a

robust result.
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1-0 T T T T T T T 1
I [ PDG 0 BLFQ(m;=0) BLFQ(m,-:ﬂ)} R AT Y
> 0.8 - B 150.0
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£ 0.61 457 ]
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Figure 2.28 Decay constants of vector heavy quarkonia, calculated from Eqs. (2.135) and (2.136).
Single (double) apostrophe stands for the radial excited 2S (3S) state. The D-wave
states are identified as n°D;. The results are obtained with Nypax = Lmax = 8 with error
bars Afez = |fee(Nmax = 8) — fee(Wmax = 16)| for charmonium, and Npax = Liax = 32
with error bars A fu;, = 2|fp5(Nmax = 32) = fp5(Nmax = 24)| for bottomonium. Results
from PDG [4] are provided for comparison. The right panel shows the ratio of f/| mj==1
to frv|mj:(), where the S-wave states are shown in filled triangles and the D-wave states
are shown in open diamonds. (Figure adapted from Ref. [9].)
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CHAPTER 3. TIME-DEPENDENT BASIS LIGHT-FRONT QUANTIZATION
APPROACH TO A SCATTERING PROBLEM

In this chapter, we will study the time-dependent process using the light-front Hamiltonian approach.
We first review the formalism for solving the time-dependent problem with an external field in general. We

then use this formalism to investigate the scattering of a quark jet on a high-energy nucleus.

3.1 Time-dependent basis light-front quantization

Non-perturbative Hamiltonian light-front quantum field theory offers insights into both the bound state
properties and the dynamical scattering processes. We have already discussed the first aspect in Chapter 2
with the basis light-front quantization (BLFQ) approach [1]. BLFQ is based on the light-front quantum field
theory and the Hamiltonian formalism. The implementation of the basis function representation allows us to
choose a basis with the same symmetries of the system under investigation, and is therefore advantageous in
carrying out efficient numerical calculations. It has been applied to solve both the QED bound state system
of positronium [45] and the QCD bound states of heavy and light mesons [48, 3, 49, 50]. Time-dependent
basis light-front quantization (tBLFQ) is a natural extension of the BLFQ formalism to investigate non-
perturbative time-evolution problems. It was first introduced in Ref. [37] to solve the nonlinear Compton
scattering, and later applied to the interaction of an electron with intense electromagnetic fields in Ref. [38].
We will study its application to the quark nucleus scattering in the next section.

The light-front Hamiltonian could be derived from the Lagrangian through the standard Legendre trans-

formation [33]. The QCD Lagrangian with an external field reads
1 = .
L= —ZF“VanV +y(iy'D, — my , 3.1

where D = 9,1 + igC* and C* is the sum of the quantum gauge fields A* and the external field A*. In
general, the background field should also be included in the field tensor, such that F,” = “C) — 6"Cl, —

g f“bCCZ CwThe full light-front Hamiltonian P~ is obtained in the light cone gauge A™ = 0, and the detailed
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derivation can be found in Appendix B. The evolution of quantum states is governed by the Shrodinger

ia |¢’“(+> 2P_('{+)|l//’ ’K+> > (3'2’)

where |i/; x*) is the state at light-front time x*. The Hamiltonian contains two parts: Pocp which is the full
light-front Hamiltonian of QCD as in Eq. (1.9), and V which contains interaction terms introduced by the
background field, so P~(x*) = Péc p + V(x"). This interaction term, in general, contains an explicit time

dependence. It is therefore natural to use an interaction picture to solve the evolution equation,
) = SV W), (33)
ox+ 2

p- o —ilpe . . o . . .
where V;(x*) = e'2Peco* V(x*)e '2Pecp™ is the interaction Hamiltonian in the interaction picture. The

solution of Eq. (3.3) describes the state at a given light-front time x™,

s x*y, = T4 eXp[-éf(; dz*Vi(z)1 ;0 (3.4)

where 77 is the light-front time ordering. In the perturbative calculations, the time-ordered exponential is
written as the Taylor series expansion, and only the leading terms are retained. However, in cases where
the external fields are strong, a perturbative treatment may not be sufficient. It is our interest to solve the
problem through a non-perturbative approach. We decompose the time-evolution operator into many small

steps in the light-front time x™,

+

. X n . +
Toexpl-5 [ i =7 fim [ 11 = Svicep =)
0 n—oo il

2
(3.5)
= lim[1 — =V;(x)ox*]...[1 — =V;(x1)ox*] .
The step size is 6x™ = x™/n, and the intermediate time is x; = kox"(k = 1,2, ...,n). This product expansion

is exact in the continuum limit of n — oo. In practical calculations, the value of n could be determined as
to achieve a desired convergence on the final state. There are various numerical schemes in implementing

Eq. (3.5). The most straight forward implementation is to use a finite difference approximation,

s x™ +0xT) = xy, 1
O Lx VI W,

; (3.6)
= [ x" +6x") 2 [ - EVI(XD(SXJr] hrs ™)y
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The resulting method is known as the explicit Euler method. The second-order approximation, also known

as the explicit midpoint method, has a faster convergence rate,

s xt +0xTy — W xt —oxTy, 1
i o A/l ZE T

(3.7)
= s xT +0xT) & —iVi(x)OXT s Xy + s xT = 6xTY,

ocp evolve due to interactions with a

We are interested in how eigenstates of the QCD Hamiltonian, P

background field. To begin, let us first identify the eigenstates |8) and eigenvalues P[; of Péc p» Such that

Poco1B) = P51B) . (3.8)

We could then expand the physical state as a summation over the QCD eigenstates,

W) = D s B) (3.9)
B

where cg(x") = (Bly; x*); are the basis coefficients. The initial state at x* = 0 can be specified by cs(0) as a

column vector, and the solution of Eq. (3.4) can be written in the QCD eigenstate basis as
x+
cxN =T, exp( - if dz+M(z+))c(0) , (3.10)
0

where the matrix element is defined as Mgz (x*) = (B|V(x™)/2|8"). Once we know the wavefunction of the
state via c(x™), it is straightforward to evaluate observables from it.

A physical state can be expanded into the Fock space of infinite sectors. The coefficients of the Fock
expansion are the complete set of n-particle light-front wavefunctions. In practical calculations, Fock sector
truncation is needed and one usually implements basis truncation by assuming that higher Fock sectors give
decreasing contributions. In solving phenomenological bound state problem, basis truncation is also taken
as part of the model [61, 48, 3, 49, 50]. The time-dependent physical processes are also related to the Fock
space truncation. In the recent work on the nonlinear Compton scattering process [37], the Fock space is
truncated as |epnys) =~ ale) + bley), thereby the excitation of the electron and the photon emission by the
background field are studied. In analogy to physical bound states, here we consider the single dressed quark

state as an expansion in the Fock space,

|Gdressed) = alg) + blgg) + clqgg) +dlqqq) + - . (3.11)
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This series includes the bare quark and its dressed states with gluons and sea quarks. We start our investiga-
tion of a single quark evolution with the leading Fock sector contribution. In the future, we will add the |gg)
sector and study the gluon emission.

Within each Fock sector, the Fock particle has an infinite number of degrees of freedom, and truncations
of the basis space is also necessary. An optimal basis should preserve the symmetry of the system and
approximate the eigenfunctions of the Hamiltonian. One well-known basis is the discretized momentum
representation, where one expands the fields into plane waves. The discretized light-cone quantization
(DLCQ) approach takes this treatment [43, 131]. This basis choice is also advantageous for our study of the
single quark state, since the momentum state becomes the eigenstate of the QCD Hamiltonian, Pocp- We
therefore carry out our calculation in the momentum basis. One other popular choice is the two-dimensional
harmonic oscillator (2D-HO) function. It preserves the rotational symmetry in the transverse plane and has
been taken in various applications of the BLFQ approach, including the positronium bound states [45], the

electron scatterings [37, 38] and the meson systems [48, 3, 49, 50].

3.2 Quark jet scattering off the Color Glass Condensate

We consider the quark-nucleus scattering at high rapidity, and treat it as a fundamental process of the
more complicated ep, eA, pp, pA and AA collisions at high energy. In the dipole picture of the electron-
nucleus deep inelastic scattering, a virtual photon fluctuates into a quark-antiquark pair, and subsequently
the quark dipole scatters off the nucleus [132, 133, 134, 135, 136]. In the proton-nucleus collisions, the
quark-nucleus scattering cross section may be related to the single inclusive hadron cross section through
the collinear factorization of the proton [137]. It is from this standpoint, we apply the tBLFQ approach to
solve the time evolution of a quark jet through a nuclear field.

We start by considering scattering of a high-energy quark moving in the positive z direction, on a high-
energy nucleus moving in the negative z direction, as shown in Fig. 3.1. The quark has momentum p* and
pt >> p7, p. whereas the nucleus has momentum P* and P~ >> P*,P,. We treat the quark state as
the system of interest, and the target as an external background field. The quark encounters the nuclear

field at x* = 0 and leaves the field at x* = Ax™. The internal structure of the nucleus at the quark-gluon

www.manaraa.com



105

level has drawn tremendous efforts. In this work, we take its description by the Color Glass Condensate

model [138, 139, 140].

Y
N

Figure 3.1 An illustration of a quark scattering on a nucleus in the spacetime diagram. The quark
is moving along the positive-z direction and the nucleus along the negative-z direction.
The blue line is the worldline of the quark, z = B,¢ with 3, the speed of the quark. The
red band are worldlines of the nucleus, z = —S4¢ for one end and z = —B4f + d’ for the

other end. B4 is the speed of the nucleus and d’ = d /1 — ,Bi with d the width of the
nucleus in its rest frame. In the ultrarelativistic limit of 84 — 1, the red band in the
diagram shrinks to a single line aligned with x* = 0.

3.2.1 Background gluon field as the Color Glass Condensate

The CGC formalism takes into account the dynamics of large gluon densities at the small-x kinematic
region. The underlying approximation involved in the CGC effective theory of high energy scattering is the
eikonal approximation, i.e. small angle deflection of a high energy projectile traversing a medium. This
is a good approximation if the transverse momentum of the scattered parton is small. In the McLerran-
Venugopalan (MV) model [138, 139, 140], the classical small-x gluon field can be solved from the Yang-
Mills equation

DF* =, (3.12)
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W, v =+, —,x,y (see definitions of the light-front variables in the Appendix A.1). J* = )T, (a=1,2,...,8)
is the color current, where T, are the color tensors. It has only one large component, J) = 6"~ p (¥, xV),
where p (¥, x") is the density of color charges of the large-x partons. p,(¥.,x") does not depend on its
time x~ because of time dilation. Moreover, due to Lorentz contraction of the target, the x* dependence
is peaked around x* = 0, and the field is often treated as a delta function at x* = 0. Here we keep the x*
dependence to allow for an extended target. The valence charges are treated as stochastic variables satisfying

the correlation relation,

(Pa(®L, x)pF Ly = [gu(x) 28w (R — F)S(x = y*) . (3.13)

The dependence of the charge density in the x* dimension is encoded in u(x*), and we will take it as a
constant (i.e. u(x*) = u) in the range of the source. This correlation relation could be achieved by taking the
color charge density p,(X,, x") to be a stochastic random variable with a local Gaussian distribution [138,

139],

f[pﬁ()ﬁ,)fr)] = exp[— ) fdzprﬁ()?L,er) )

The Gaussian form is reasonable when the color charges at high rapidity are uncorrelated and random [141,

142]. Any observable O should be evaluated as a configuration average over p,
(0) = f DpOlplflp] - (3.14)
In covariant gauge 0" A, = 0,the field is solved as
(m2 = V)AL (T, X7 = pa(Fr, x7) . (3.15)

The gluon mass m, is introduced to regularize the infrared (IR) divergence in the field, which imposes color
neutrality on the source distribution [143]. The field solved from this regularized Poisson equation can be

expressed in terms of the Green’s function

AL (XL, x7) = f d*y, Go(L - F)paFL, x) (3.16)
where
R 5 d2k e—ilﬁ-()ﬁ—ﬁ)
Go(XL =y1) = —f = — . (3.17)
(2m) m§ +k2
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The field is logarithmically ultraviolet (UV) divergent. The divergence corresponds to the large momentum
modes in the nuclei wavefunction, which are the degrees of freedom not meant to be included in the classical
field. It is then natural to introduce a UV regulator [144]. In numerical calculations, there are several ways
to implement the UV cutoff. First, discretization of the transverse space would introduce a UV cutoff
automatically, as we will do in this work. Second, one can introduce an additional parameter Ayy when
solving the gluon field as in Eq. (3.17), and the integral measure becomes f Ay d%k, [145]. Third, instead
of regulating the gluon field, one could impose the UV cutoff on the phase space of the quark.

Note that there is no x-evolution in the MV model, and the saturation scale is a constant for a fixed

charge density g?u and L,, the extension of the field along x* [137, 146],

> &Ly

Q== (3.18)

This differs from more elaborate methods where the saturation scale is related to the gluon structure function
of the nucleus and depends on x [147, 148].

One could estimate the duration of the field L, through experimental energy scales. Consider the quark
moves along the positive-a direction with speed 3, and the nucleus moves along the negative-a direction with

speed —B4, as illustrated in Fig. 3.1. The starting point of the quark-nucleus interaction is at ¢y = 0, Zgarr =

0,i.e. xt. = 0. The end point of their interaction is at .,y = d \/(1 = BaB)*Ba + Bg)* — 1, Zena = Bytstart-

start —

Thereby,

VA =500 =B

Ba + By

d is the width of the nucleus in its rest frame. If we consider a gold beam at the RHIC energy of +/s =

Ax" = (Tend + Zend) — (Estart + Zstart) = d(ﬂq +1) (3.19)

100A GeV, and estimate its velocity according to y4 = 1/ /1 — ﬂi = +/s/m = 100 with m the mass of gold
nucleus, thereby 84 = 0.9999. Its rest width is d = 2R ~ 74 GeV~!. Assuming that the quark has the same
speed, i.e. B, = Ba, we get Ax™ ~ 0.015 GeV~!, which is small just as we expected. However the color field
generated by the nucleus is identified as the small momentum degrees of freedom in the nucleus, and should
admit a smaller longitudinal momentum scaled by Bjorken-x, p~ = xP~. The resulting Lorentz factor is
also scaled as y = xy4. At x = 0.1, Ax™ ~ 1.48 GeV~!, and at x = 0.015, Ax* ~ 71 GeV~!. We will take

L, =50 GeV- ! as.the duration-of the color field along x* in our calculations.
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3.2.2 Basis construction
3.2.2.1 Discretization of the fields

We have shown the canonical quantization of the QCD fields on the light front in Section 1.3. Here
we want to write out the interaction vertex in the discretized momentum basis. Imagine that the system is
contained in a box of finite volume Q = 2L(2L,)>. We have introduced two artificial length parameters,
L in longitudinal direction and L, in transverse directions. The discretization is achieved by imposing
the periodic boundary condition for bosons and the anti-periodic boundary condition for fermions in the
coordinate space of a finite volume. Written explicitly, -L < x~ < L, =L, < x',x* < L,, and the

normalization volume is Q = 2L(2L, )>. Correspondingly, in the momentum space,

2r ) 13 .
Zn, with n = A oo for fermions ,
pt = - (3.20)
T withn =1,2,..., oo for bosons ,
Y
P = %n withn',n2 = 1,2,...,00. (3.21)
1
The free fields are expanded as
- 1 . .
PE) = N [ba cu(p, Ve P + d v(p, DeP] (3.22)
2 P, :
Z@: 2pT2LQ2L,) e
> 1 —ip- T * ip-
A0 = 3 sl p, Ve + a6 D7) (3.23)
1

a

1

F t . . _
5 d5 and a;, create quarks, antiquarks and gluons with quantum numbers @ respec-

The creation operators b
tively. Each single particle state @ is specified by four quantum numbers, @ = {n,n', n%, 1}, where A is the

spin projection. They obey the following commutation and anti-commutation relations.
(bac:bly o} =dae.dl, ) = 2p"2LQRLL ) S5.00c,  laa.ay] = 2p*2LQRLL Y 055000 (3.24)

The commutation relation for the fermion fields in the box follows,
1

aw 4ptqgt (2L(2L l)z)

(20, P 0) = SU{bac. bl o u(p, Dii(q, X)y'e P19

+A{d] . da o (P, Di(g, X )y P47 (3.25)

a,c’

1 o .
=2, TR myy’e™ P 1 (p — myy’e? 15, o
p*.p +

L
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3.2.2.2 The time evolution operator

To start, we consider the single quark Fock sector, |g). The light-front Hamiltonian, P~(x*) = P

ocp T

V(x*), consists of two terms. The QCD part is the kinetic energy of the quark field and we neglet the kinetic

energy of the background field,

_ 1=  m?>—V?_
PQCD =fdx d X1 E‘P)’ T\P (326)

In the |g) sector, the V term contains the interactions between the quark field and the background field.

+ . -
f dx dle{g‘l’y"T“‘I’ﬂ“ + ‘%‘Py’ﬂ,?y A j\P} . (3.27)

The background field is solved in the covariant gauge of 9*A, = 0, and A* = *~A*, as discussed in
Section 3.2.1. The solution of the background field is consistent with the assumption that A* = 0 in

deriving the light-front Hamiltonian in Appendix B. The interaction term becomes
= f dx~ dx, g Py TP AL (3.28)

In the discretized momentum basis, the vertex interaction reads

8

V= 5 dx™ d®x,b] . @(pa, ey by, o u(pr, e P
(2L(2Ll)2) 4plp; arascre
Te clﬂ (x,,x") (3.29)
8 Z d.x dZXJ_bZ/Z CZ lp2 xb(ll Cl _lpl XTC?Z Clﬂﬁ('xL’ x+)6/ll,/12 .

- 2
(2LLL)?) 2Pt P} die i

The spinor part is calculated in Appendix A.3. Integrate out x~ first,

V= gz Z fd XJ_2L6 1, +el([’2 [’l)xib;TIZL2 Lzuﬂ“(xl,x )(5/11 A (330)
(2LQLLY) 2 \piph dre ées

The integration over x, performs a Fourier transformation on the background field, f d%x LALUX, x*)e""‘rfl =

A4k, x*), thereby

V= D St ptbl csbare T o ALPE = B X0, - (3.31)
2L(2Ll)42 PPy atescre
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The matrix element of the operator reads

Wolprs g, eIV Wg(pis Ais i)

= 2 D 01 b(py. g cp) J2LRLLY2p S 5 60,

2L(2L,)*2 \[pTp} araséres

TS AL = Proxb (2, o, e2)b(pr, Avy 1) 2LRL)22p b (i iy 0y (332)

g 21 . =
:(ZL )2 Z Z 6P§,P1+6/11»/12T32,01ﬂi(p5_ - pi_’x+)6pf,[725/1f,/125€f,026171»Pf‘s/ll,/li‘scl,cz‘
1

__8
(2L, )

We can see immediately that the interaction with this background field could change the transverse mo-

ap,2 €1,C2
ya | | |
6p;7pr6/1fs/llT£a/,Ctﬂ(i(ﬁ2 - ﬁl ’x+) *
mentum and the color of the quark, but it leaves the longitudinal momentum and the spin configuration

unchanged.

3.2.3 Numerical scheme

In the numerical calculation, the fields are color SU(3) matrices on the sites of a 3-dimensional discrete
space. The 2-dimensional transverse space is a lattice extending from —L to L for each side. The number of

transverse lattice sites is 2NV given the lattice spacing a = L/N. As such, a vector 7, = (ry, ry) would read as,
ri=nma(@=xy), n=-N,-N+1,...,N—-1.

This space satisfies periodic boundary conditions. As such, the lattice point at the far boundary L = Na is
taken as the same as the one at the boundary —L. It follows that in the momentum space, for any vector,
P =(Px Py),
pi=kd,(i=x,y), ki=-N,-N+1,....,N-1,

where d, = nr/L is the resolution in momentum space. The momentum space extends from —r/a to n/a.
Therefore, the transverse lattice introduces a pair of IR and UV cutoffs, A;p = /L and Ayy = Nr/L.

The longitudinal dimension of the field x* (note that this is the light-front time of the struck quark) is
discretized into a number of N, layers. If the field extends L, along x*, each layer would have an expansion
of 7 = L,/N,. For example, the k-th (k = 1,2,...,N,) layer extends as x* = [(k — D)7, k7].

To-summarizesous-caleulation,depends on the following numerical parameters.
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e g%u, color charge density. We take different values and study how observables depend on it.

e myg, screening mass, the IR regulator. We will take mg = 0.1 GeV for most calculations and use

various values when studying the resulting effects.

The transverse lattice: size L, number N and spacing a = L/N. In most cases, we take L = 50 GeV ™! (=

9.87 fm) as estimated from the radius of the gold nucleus.

The x* direction: duration L,, the number of layers N, and interval 7 = L,/N,. We take L, =

50 GeV~! and study the convergence on Ny.

In this discretized space, the correlation relation of the color charge as defined in Eq. (3.13) also takes a
discrete form as,

6nx,n; 0 Ty, 15, 1) kK

(Patrc, g, Ry 1K) = (9 0p——= = . (3.33)

Note that the Kronecker delta dividing the discrete resolution replaces the Dirac delta in Eq. (3.13), and they

converge in the continuous limit of @ — 0 and 7 — 0.

3.3 Observables

In this section, we study various observables in the quark-nucleus sacttering obtained from the tBLFQ
formalism. We first study the total and elastic cross sections, and justify our calculation by comparing to
predictions in the eikonal limit. We then study the differential cross section and look into the time evolution
of the quark’s distribution in transverse coordinate space and color space. We further relax the eikonal

condition and explore sub-eikonal effects with finite p*.

3.3.1 The cross section

The cross section for an individual event can be calculated as the sum of transition amplitude square [34],

and it reads,

d
ﬁ = ; IM(¢5:0) = ; lout $BAS WYy, —our (sl I (3.34)
A f
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yi stands for the initial state, and ¢ is the final state, 3., sums over the phase space of the final state. The
S in the equation is the evolution operator from the initial state to the final through a finite time transition,
and is different from the case where one takes the infinite time limit. In evaluating the cross section, one
should average over the color charge density p as in Eq. (3.14). This would give us the total cross section by
definition,

% =" Mgy . (3.35)

or

The total cross section is the summation of the elastic 2 — 2 contribution and the inelastic contributions
2 = 3,2 — 4, etc.), Oy = Tels + Tinels- 1o calculate the elastic cross section, one need to carry out
the configuration average on the amplitude level to get the elastic scattering amplitude first, and afterwards

square it [149].

doers

d’b

DN CUCTDN (3.36)
¢r

3.3.1.1 The eikonal limit of the cross sections

In the eikonal limit, the longitudinal momentum of the quark is infinite, p* = oo, thus the phase factor
e*P" Y12 (see text associated with Eq. (3.3)) is 1 and V;(x*) reduces to V(x*). In this limit, the cross sections
can be evaluated analytically as a function of the charge density g2, the interaction duration L, (for which
the background field exists for x™ = [0, L,]), and the IR and UV cutofts of the gluon field, ;g = m, and
Ayy. In this limit, the evolution operator is diagonal in the transverse coordinate space, and it is essentially

the Wilson line of the quark.
. 1 L'i i L,] )
lim (¥ |7 exp[—i f dxTV, (xR =T~ exp[—i f dx"V(x", )67 (R, — X))
pt=co 0 0
& 2
:T+ exp( - lgf dx+ﬂ(;(~fJ_, X+)Ta)(5 ()?J_ _ x’l) (337)
0

=UR)6X (R, - X)) .
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The physical observable such as the cross section is related to the configuration average of the Wilson line,

(U(X.)). The Taylor expansion of the time-ordered exponential function leads to

0 n L, L, L,
(UED) =) (=ig)" f [ |d22Gotxs = zi0) fo dz} f dz} - f dzt
n=0 i=1 Z; b4

n-1 (3.38)

0ay (27 210Par (23, 221) * * * Pay oy s 20 VT Tay -+ T, -
We can decompose the product of multiple charge densities (0;0>...0,) into all possible contractions in the
case of the Gaussian average, according to the correlation function of p given in Eq. (3.13). It follows that
the configuration average of the odd number product of the charge densities, {0102...02j+1) would vanish,

and that of the even number product, {p102...02;), sums over all possible permutations
Pa (@7 2211) *** Pap Ty Znr))
0, nis odd (3.39)

(0ay (2> 2100y (25, 220)) * +  {Pay (T | Zn-11)Pa, (2 » Znr)) + peErmutations, 7 is even

For the even number product, only the adjacent contractions survive under the time-ordered integrals. The

other two types of contractions, nesting and overlapping, all vanish.

Pa;(Z15211) ** Pay(Zy s Znn)) = Pay (21> 210)Par (25> 221)) * * Pay1 Zp1> Zn-11)0Pa, (25 s Znr)) -

We can see this in the simplest nontrivial case, the four source contraction. The nesting contraction vanishes

because of the delta function in Eq. (3.40).
b + b + b + b + + + + +
f dz] f dz; f dz3 f dzy Pa, (21, 21)Pas (24, 241)) Par (23, 221 )Pas (235, 231))
0 4 3 3

b + b + b + .L” + +\12 52 + +
= dz; dz; dz; dzy 6aya,[g1(z])] 07 (211 — 241)6(z] — 23)
0 g 3 4

X Saa; [81(23)176% (221 — 231005 — 23)

(3.40)

=0.
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The overlapping contraction also vanishes as in Eq. (3.41)

Lo + Ly + Ly + Ln + + + + +
dz; dz, dz3 dzy 0a, (2] 211)Pa3 (23, 231)) Pay (23 » 221 )Pas (24, 241))
0 b % %

Ly Ly Ly Ly .
= f dzy f dz; f dz3 f Az} 6aras[81(z)26% (211 — 23.)0(zF — 23)
0 7 % z (3.41)

X Sayay [SHEIP6% (221 — 241)5(23 — 2})
=0.

Only the adjacent contraction survives as in Eq. (3.42)

tn + b + b + o + + + + "
fo oz f a f oz f Az} Do (2 2100Pas (2 22000 P (s 230 (2 240
7 % b

b + b + +112 52 + +

:f dz; f dz5 6414, [81(27)]7°67 (211 — 220)0(2] — 25)
0 +

K (3.42)
L, . L, ) . N

x f dZ3 \[; dZ4 azas [g,u(z3 )] 0 (Z3J_ - Z4J_)6(Z3 - Z4)

[gu(z))1? [gu(zH]?
f dzl f dz3 6111H2 1 52(Z1J_ - ZZJ_)5a3a4 T3éz(z3j_ - Z4J_) .

By decomposing the multiple point correlator into two point correlators, the Wilson line in Eq. (3.38) follows

as,
00 n/2
Wi =Y i) [ JEERECA
n=0
1
) f @)= f A @) = f Az} 1P T 1o - Ta (3.43)
2

Zp-3
oo

2 + 2 2 n/2
Z n/2)'[ fd ZJ_G()(xJ_ ZJ_)f dztus(z* )7, ] .
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The Green function is written explicitely in Eq. (3.17). By introducing an UV cutoff Ayy, the transverse

integral becomes

Avv 2k =iki-(1-21) 2
d?z, G2 (x —Z):deZ[_f L _ ]
f LMoL L L (271-)2 m§+ki
—fdzz fAuv dsz_ e—il_cl'(il—ﬁ_) fAUV dzlJ_ e”—l'()ﬂ—ﬁ)
- 1
@m* mi+ B e’ i+
—QnPk, - 1)) f

Ay a2k, e—ﬂa-ﬁ fAUV a2, eil]ﬁ
fAW Pk, 1
- Q@) (m2 + k2 )2

Qn)* m? + k2
fZ” fAUV kidk, 1
(27r)2 (2 + K2

E[m_é A%/V + mg]

Q@ny m+ 2 (3.44)

Though the background field admits an UV divergence in the transverse momentum space, the two point
correlation does not. By taking Ayy — oo, we have f d?z lG(Z)(x L —z) =1/ (47rméz,). The Wilson line then

follows as

~(N; = 1)

Ly
dZ+42Z+]- 3.45
T g’ (3.45)

W) =exp|

Note that the result is diagonal in the color space of the quark, by taking 72 = (N> — 1)/N.I5. In the cases

with constant color charge strength in the x* = [0, L,] duration, i.e. u(x) = u, the Wilson line reads

420012
—g1A(N? - DL,
UL = exp| | 3.46
(U(xL)) = exp T6mm2N, (3.46)
The derivation of the configuration average of the Wilson line correlator is similar,
—g*P(N?> - L d*k 1 T (7
WEIUT(,) = exp| S Ne = Dl L [ -t 347

4N, Q7Y (2 + B2

The amplitude of the transition from a quark state with momentum 7, to a state with momentum g, reads,

M(G15P1) = out{GuISIPL)in —out <GB L) = f dx, [UR)) — 1)@ (3.48)
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The total cross section is calculated as

—¢ f M )

_(f ?Zq; fdle Uxy)—1]e (GL—pL)%L fdle[U(fl)— 1]6_,'(,1_@).;1)

_<f012xL [U®L) - 1]e P+ “fdz U@R)) - 1P+ (@, - ®))

(3.49)
—¢ f Ex (U@ - 1)

- f Ex(WERDHUIE) = V) = W @) +1)

_ f e 21- ) ).

Since the averaged Wilson does not have dependence on the transverse coordinate as in Eq. (3.47), the
resulting cross section is proportional to the area of transverse space. It would be more convenient to study

the cross section as a ratio to the transverse space,

_o4.2 N2 — DL
St _ {1 - exp| £ prve 1 |} (3.50)
d2b 167m3 N,

The last line also implies the optical theorem,

Tror = f d*x, 2ImA(%)) , (3.51)
by recognizing the forward scattering amplitude as

AXD) = i[1 =(UXL)] . (3.52)
The elastic cross section can be calculated from the forward scattering amplitude as

Tols = f d2x, JA(R)P = f d2x, [1—(UEN* . (3.53)
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This result is equivalent to that obtained by taking the configuration average of the transition amplitude first

and afterwards square it,

_ dqu_ S5 2 2
Oels = Wl(M(qJ_,pJ_»l
_ [ dar
(2m)?

dzq
— L
(2n)?

- f P, [(UE)) - 11

deXJ_[<U(fJ_)> _ 1]61'(%.—1%.)')?1_ fdle“UT(fi)) _ 1]6_[@1-_171-)')?1
(3.54)

f o [(URL)) = 1] @PO5[(UT(R)) - 1127%62(F. — B1)

Note that since the Wilson line is translation invariant under the configuration average, the integral f d’%,
leads to a delta function of the transverse momenta. The result is the same with that in Eq. (3.53). As for

the total cross section, we can write the elastic cross section as a ratio to the transverse area,

4,20772
it {1 g [0
In the high energy limit, i.e. g>u — oo in Egs. (3.50) and (3.55), the total cross section approaches 2 and the
elastic cross section approaches 1, and their ratio o, /0;s — 1/2. This corresponds to the standard ‘black
disc’ limit, enshrined in classical optics as the “Babinet’s principle”. Consider a disc that is totally ‘black’
in the sense that everything hitting it is completely absorbed, which gives the inelastic cross section. At

the same time this ‘absorption’ creates a ‘hole’ in the incoming wave front, leading to an elastic scattering

which has the same cross section. Therefore in this limit, 0oy = Oes + Tinets = 20 els-

3.3.1.2 Numerical results

We first calculate the total and elastic cross sections in the eikonal limit and compare our results with
the eikonal expectations in Egs. (3.50) and (3.55). We also study the sensitivity of the cross sections to the
parameters, N, L, N;, and m,. We then relax the eikonal condition to finite p*, and explore potential effects.
The light-front kinetic energy of the quark is calculated as p~ = (> + mé) /p*, we use my = 0.15GeV in
the presented results. We have checked that using a quark mass in the range of m, = 0.05 — 4.50 GeV does
not make noticeable changes on the results with the current setting.

We then check the dependence of the cross sections on the lattice by varying N and L. Note that a

reasonable-numerical-grid-should.cover the physical range of interest. In this case, we should make sure
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that the numerical IR cutoff (4;g = nr/L) is much smaller than the physical IR cutoff, A;z = m,, and the
numerical UV cutoff (1yy = Nx/L) much bigger than A;g. Thus a suitable grid for our investigation should
satisfy:

T

T
—<mg<N
L L

(3.56)

Fig. 3.2 represents the total and elastic cross sections as functions of g”u at different N for a fixed
L. The results show a convergence on increasing N. We take the standard deviation of the 100 averaged
configurations as the uncertainty. Such uncertainty is smaller at larger N. This is not hard to imagine,
since with more sites on the lattice, the fluctuation of each configuration is more likely to smooth out when
averaged over an equal number of events. Most importantly, there is a good agreement between the tBLFQ
results and the eikonal analytical expectations calculated from Egs. (3.50) and (3.55). This agreement helps

verify our formalism.
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Figure 3.2 The dependence on the transverse grid number N of the cross sections at L = 50 GeV~!.
The cross sections are calculated as functions of g>u with L, =50 GeV~!, N, = 4 and
pT = oo. The left panel is the total cross section and the right panel is the elastic
cross section. The solid lines are the eikonal predictions as calculated from Egs. (3.50)
and (3.55). Each data point results from an average over 100 configurations, and the

standard deviation is taken as the uncertainty.

The dependence of the cross sections on the grid size L is also checked and shown in Fig. 3.3. The total
and elastic cross sections are calculated as functions of g?u at different L for a fixed lattice spacing a =

L/N = 6.25 GeV~!. The results show agreements with the eikonal analytical expectations from Egs. (3.50)
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and (3.55). We again observe that the lattice with a larger number of grids has smaller uncertainties. The

cross sections are not sensitive to the grid size.
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Figure 3.3 The dependence on the transverse grid length L of the cross sections. The lattice spacing
is fixed as a = L/N = 6.25 GeV~! for these results. The cross sections of the quark are
plotted as functions of g2y at L, =50 GeV~!, N, =4 and p* = co. The solid lines are
the eikonal predictions as calculated from Egs. (3.50) and (3.55). Results for each data
point are averaged over 100 configurations, and the standard deviation is taken as the
uncertainty.

We next show in Fig. 3.4 the dependence of the cross sections on the number of layers in the longitudinal
direction, N,. An interesting “oscillation” pattern is observed when N, = 1. At N, = 1, the source and
therefore the gluon field along x* is constant, this breaks one necessary ingredient for the CGC field: sources
are uncorrelated along x*, as in Eq. (3.13). It follows that in deriving the analytical expression of the cross
section, the contraction of multiple sources is no longer preserved, causing a nontrivial “oscillation”. In our
calculation, the x* = [0, L,] duration is divided into N, layers, each lasting equally for 7 = L, /N,. The
color charges from different layers belong to different nucleons, so they are uncorrelated with each other, as
in Eq. (3.33). Within each layer, the field is constant along x*. The continuum limit is restored at N,, — oo,

as in Eq. (3.57).

+o0 +00 . . oo +oo Ok
fdﬁf@%ﬁmmmwhﬂ%mrmfdﬁf®%—
N, 1
= @00 (XL =T )~ (3.57)
k=1

= 16> (X — YLy
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This “oscillation” gets strongly suppressed when N, = 2, and for larger N,(> 4), the physical results

converge to the analytical expectation and depend very little on N, as shown in Fig. 3.4.
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Figure 3.4 The dependence on N, of the cross sections. Parameters for those results:
L=50GeV'!, N=8, L, =50 GeV~! and pt = co. The left panel is the total cross
section and the right panel is the elastic cross section. The solid lines are the eikonal
predictions as calculated from Eqs. (3.50) and (3.55). Each data point is averaged over
100 configurations, and the standard deviation is taken as the uncertainty.

Another dependence of the cross sections comes from the IR cutoff A;g = mg. Fig. 3.5 presents the
cross sections evaluated at different m, on the same grid. These m, values are covered by the grid range
(see Eq. (3.56) and the associated discussion), and the cross sections agree well with the analytical eikonal
expectation. Though not shown in the figure, we found that when the m, value falls out of the accessible
range of the grid, the results would start to deviate from the expectations.

We have seen that the cross sections in the eikonal limit agree with the analytical expectations. We now
relax the condition to have finite p* and see if this could affect the cross section. Fig. 3.6 presents the cross
sections at different p* values. It turns out that even for very small p*, the cross section does not show
noticeable differences from the p* = oo case.

We have seen that the calculated cross sections from tBLFQ agree well with the analytical eikonal expec-
tations in the eikonal limit. Our results also show good numerical convergences on the various parameters.
We did not observe noticeable differences by relaxing the eikonal condition. To study differences from the
eikonal limit, we will investigate other observables that depend on additional kinematic variables in the

following.
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Figure 3.5 The dependence of the cross sections on mg. Parameters for those panels are:
N =8, =50 GeV™!, L, = 50 GeV™!, N, = 4 and p* = co. The transverse grid
parameters introduce a numerical IR cutoff A;p = n/L =~ 0.06 GeV and UV cutoff
Ayy = Nr/L = 0.5 GeV to the momentum space. The physical IR cutoff m, should
be inside the numerical range to obtain a valid result. The solid lines are the eikonal
predictions as calculated from Eqs. (3.50) and (3.55). Each data point is averaged over
100 configurations, and the standard deviation is taken as the uncertainty.

3.3.2 The differential cross section

The differential cross section do-/(d%b d? p.) is also of great interest to study. The p + A — h + X cross
section can be obtained by convoluting the total gA cross section with the distribution function of the quark
in the proton at factorization scales.

In Fig. 3.7, we present the tBLFQ calculations and compare with perturbative approximations. For a
weaker field, the leading order and next-to-leading order perturbations agree with our results. For stronger
fields and at small-p, region, the perturbation approximation breaks down, whereas our results provide a
non-perturbative prediction.

We also check the dependence of the differential cross section on the grid parameters, N and L. Like the
total and the elastic cross sections, the dependence is not noticeable for grids covering the physical range.
The result is also not sensitive to the longitudinal resolution, N,, as in Fig. 3.8. Unlike the cross sections, no

“oscillation” pattern appears even at N,, = 1.
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Figure 3.6 The dependence on p* of the cross sections at L = 50 GeV~! and N = 18. The cross
sections of the quark as functions of g?u for L, =50 GeV~! with N, = 4. The solid
lines are the eikonal predictions (p* = o0). Results for each data point are averaged
over 100 configurations, and the standard deviation is taken as the uncertainty bar.

3.3.3 The evolution of the quark state

By carrying out the explicit time-evolution of the quark, we are able to access the intermediate states
and investigate the process of the quark-nucleus scattering. In particular, we study how the quark evolves in
two regimes, the transverse coordinate space and the color space.

To explore how the quark state evolves in the transverse coordinate space, we let the initial state of the
quark be a Gaussian packet Ce " il (0'2R0)2, where Ry = 50 GeV~! = 9.87 fm and C is the normalization
coefficient. Snapshots of the quark’s transverse coordinate distribution at a sequence of light-front times are
presented in Fig. 3.9. In the eikonal limit, i.e. p* = co, the quark does not change its transverse location.
But with finite values of p*, the quark admits changes in its transverse coordinate distribution. In the plot of
a single event as of Fig. 3.9(b), the quark dissipates with a random pattern, which is related to the randomly
generated field. In the plot of averaged event as of Fig. 3.9(c), the quark spreads out more evenly, as expected
by averaging the field configurations.

We know that even without an external field, the quark should dissipate in the coordinate space with
a finite p*. Figure. 3.10 shows the evolution of the quark’s transverse coordinate distribution when no

external field exists. The quark spreads out slower with a more isotropic pattern compared with cases
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Figure 3.7 The differential cross section of the gA scattering at different g?u. The tBLFQ results are
plotted as empty diamonds. The presented data are averaged over 50 events. Parameters
for those panels, N = 18, L = 50 GeV~!, my = 0.1 GeV, L, = 50 GeV~! and N, = 4.
g*u = 0.05,0.14,0.49 GeV>/? for the first three panels from left to right. The fourth
panel presents the results calculated at the same gu = 0.49 GeV*/? as in the third
panel, but it is evaluated on the lattice of N = 18, L = 5 GeV ™! to reveal the large
p> range. The top panels are plotted on a linear scale, and the bottom panels are on
log-log scales. The vertical dashed line is at the saturation scale Q? = (gz,u)zL,7 /(21?).
LO (NLO) is the leading (next-to leading) order expansion on Q? / pi.

where the external field participates. To study the effect of the external field quantitatively, we calculate the
expectation value of the quark’s transverse coordinate |7, | in cases with and without external fields.

We first show how the energy scale of the quark, p*, affects the evolution. Fig. 3.11 presents the
expectation value of the quark’s transverse coordinate as a function of light-front time at various p*. It
shows that the CGC field promotes the quark’s dissipation in the transverse plane compared with the no-
field case (g2 = 0). The quark spreads faster with smaller p™.

We also check the sensitivity of the quark’s evolution to grid parameters. Results at different lattice size
L with a fixed lattice spacing of @ = L/N = 5 GeV~! = 0.99 fm are compared in Fig. 3.12. We find that the
evolution is not very sensitive to the lattice size over the range investigated here.

We study the dependence on the grid number N in Fig. 3.13. When the external field is absent or

weak, the evolution of |r | agrees among cases with different N. However, with a strong external field, the
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Figure 3.8 The differential cross section of the gA scattering with different N,. The presented data
are averaged over 50 events. Parameters for those panels: N = 18, L = 50 GeV~!,
mg = 0.1 GeV, L, = 50 GeV~! and g%u = 0.05 GeV?/2. The left panel is plotted on
a linear scale, and the right panel is on log-log scales. The vertical dashed line is at the
saturation scale Q% = (g%u)*L,/(27%) ~ 0.006 GeV2. LO (NLO) is the leading (next-to
leading) order expansion on Q2/p2.

evolution of |r, | diverges, as seen in Fig. 3.13(a). This divergence is expected from the ultraviolet divergent
gluon field, as discussed in text associated with Eq. (3.17). We verify this source of divergence by imposing
a UV cutoff on the gluon field. The results become better converged with the UV cutoff, as presented in
Fig. 3.13(b).

The quark admits changes in the transverse coordinate at finite p*, and this is achieved through the phase
factor e*'27 ¥ with p- = (ﬁ_zL + mé) /p*. One may then expect that using different values of the quark mass
might also affect this effect. We show that the influence from the quark mass is very small by testing with
my = 0.05,0.15,0.3 and 4.5 GeV in Fig. 3.14.

In the color space, the quark evolves toward a uniformly distributed state, |l//c|2 — 1/3,(c = 1,2,3). This
is shown in Fig. 3.15. The quark evolves faster in the color space with larger g?u. This is expected since
the background field generated from the source with a larger g?u is also stronger, therefore applies more

influence to the quark.

3.3.4 The profiled CGC field

The CGC field we adopt so far is uniform in the transverse plane. In reality, the field generated from a
large nucleus could be stronger at the center than on the perimeter. We take this into consideration by using

a Gaussian profile and a Woods-Saxon profile to scale the CGC field in the transverse coordinate space. In
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(a) Evolution of the quark’s transverse coordinate distribution at p* = co
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(b) Single event evolution of the quark’s transverse coordinate distribution at p* = 10 GeV
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(c) Evolution of the quark’s transverse coordinate distribution at p* = 10 GeV, averaged over 50 events

quark is distributed as Ce":/*/(0:2L)?

Figure 3.9 The evolution of the quark’s transverse coordinate distribution. The initial state of the
, where C is the normalization coefficient. From

left to right, the transverse coordinate distribution of the quark is shown at a sequential
interaction time calculated by tBLFQ. Parameters in those panels: L, = 50 GeV~!,
N, = 4, mg = 0.1GeV, N = 18, L = 50GeV~!, g>u = 0.486GeV /2. Top row:
pt = oo, bottom two rows: p* = 10 GeV. The second row shows the result of a single

event. The third row shows the average result of 50 events.
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Figure 3.10 The evolution of the quark’s transverse coordinate distribution when no source exists.
The initial state of the quark is distributed as Ce ™" il (O'ZL)Z, where C is the normaliza-
tion coeflicient. From left to right, the transverse coordinate distributions of the quark
are shown at a sequential interaction time calculated by tBLFQ. Parameters in those
panels: L, = 50GeV~!, N, =4, my = 0.1GeV, N = 18, L = 50GeV~!, p* = 10GeV.
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Figure 3.11 The evolution of the expectation value of the quark’s transverse coordinate at differ-

ent p*. The initial state of the quark is distributed as Ce™'" iyl (O'ZL)Z, where C is the
normalization coefficient. From left to right, the first panel is calculated without an
external field while the following three panels are calculated with increasing color
charge density g?u. The results are averaged over 10 events. Parameters in those

panels: L, = 50GeV!, N, =4,m, =0.1GeV,N =18, L = 50GeV~!,
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Figure 3.12 The evolution of the expectation value of the quark’s transverse coordinate at different
lattice size with a fixed lattice spacing of @ = L/N = 5GeV~'. Parameters in those
panels: L, = 50GeV~!, Ny, = 4, mg = 0.1GeV, p" = 10GeV. The initial state of
the quark is distributed as Ce™" 1/ (O'Z*SOGqu)z, where C is the normalization coeffi-
cient. From left to right, the first panel is calculated without an external field while the
following three panels are calculated with increasing color charge density g?u. The
results are averaged over 10 events.

the Gaussian form, the scale factor reads

fGaussian(?J_) = e_(rL/RO)z > (3.58)

where Ry is taken as the nuclear radius. For the gold nucleus, Ry = 37 GeV~!. In the Woods-Saxon form,

the scale factor reads

1

repom (3.59)

fWoods—Saxon(?L) =

We use the usual parametrization, where Ry is taken as the nuclear radius and s = 3.2 GeV~! is the surface
diffuseness [150]. An example of the source charge distribution in the transverse plane 7, with different
transverse profiles is obtained by single event simulation, and is presented in Fig. 3.16.

We revisited the quark’s evolution, the cross section and the p, -dependent differential cross section in
Figs. 3.17,3.18 and 3.19. We see that there is not much difference in the total cross section and the evolution
of |r,|. The differential cross section is more peaked around p, = 0 when the fields are scaled as may be

expected due to reduced scattering in the peripheral regions.
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(b) Ayy =0.2 GeV

Figure 3.13 The evolution of the expectation value of the quark’s transverse coordinate at
L = 50GeV~'. The initial state of the quark is Ce™'" iyl (O'ZL)z, where C is the nor-
malization coefficient. From left to right, the first panel is calculated without an
external field while the following three panels are calculated with increasing color
charge density g’u. The results are averaged over 10 events. Parameters in those
panels: L, = 50GeV!, N, = 4, mg = 0.1GeV, p* = 10GeV. In the bottom
row, we impose a UV cutoff when solving the gluon field by setting A(lz 1) = 0 for
kil > Apy = 0.2GeV.
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Figure 3.14 The evolution of the expectation value of the quark’s transverse coordinate with dif-
ferent quark mass and charge densities. Parameters in those panels: L = 50 GeV~!,
N=18,L, = 50GeV~!, N, = 4, mg = 0.1 GeV, pT = 10GeV. The initial state of
the quark is distributed as Ce™" 1/ (O'Z*SOGqu)z, where C is the normalization coeffi-
cient. From left to right, the first panel is calculated without an external field while the
following three panels are calculated with increasing color charge density g?u. The
results are averaged over 10 events.

3.4 Conclusions and outlook

In this Chapter, we have made the first attempt of the tBFLQ approach to a QCD problem, the quark-
nucleus scattering. We are able to access the wavefunction of the quark at any intermediate time during the
evolution. This provides us with an opportunity to carry out detailed studies of the time-dependent process.

Our results of the total and cross sections are in good agreement with the analytical expectations under
the eikonal condition p™ = oo. In the sub-eikonal case with a finite p*, the cross sections do not show
noticeable deviation from the eikonal limit. However, there are clear sub-eikonal effects shown from the
distribution of the quark’s transverse coordinate. At finite p*, the quark admits changes in its transverse
coordinate distribution.

We take the Color Glass Condensate model as the background field of the nucleus, and keep the dominant
field component (A~) in our calculation. In the future, we expect to include the transverse component of the
color field (A, ) and investigate its effect on the spin of the quark. We also plan to extend the Fock space to
lg) + |gg) and study the gluon radiation.

We foresee more applications of the tBLFQ approach to scattering processes in the future, especially the

dipole-nucleus scattering and meson productions in heavy-ion collisions.
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(b) Evolution of the quark’s color distribution at p* = 10 GeV

Figure 3.15 The evolution of the quark’s distribution in the color space. The results are averaged
over 50 events. Parameters in those panels: N = 18, L = 50 GeV~!, L, =50 GeV~!,
N, = 4, mg = 0.1GeV. From left to right, the first panel is calculated without an
external field while the following three panels are calculated with increasing color
charge density g?u. The top panels are results obtained in the eikonal limit (p* = co),
the bottom row is obtained wtih p* = 10GeV. The initial state of the quark is a
single color state (¢ = 1) with space distribution as Ce™'" il (O'ZL)Z, where C is the
normalization coefficient. The dashed line marks the average probability of the three
colors: 0.33.
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Figure 3.16 Single-event simulation of source charges in the transverse plane 7, with different
transverse profiles. From left to right, the corresponding profiles are uniform, Gaus-
sion and Woods-Saxon. See Egs. (3.58) and (3.59) and associated text for more in-
formation. Parameters in those panels: N = 18, L = 50 GeV~l, L, =50 GeV~! and
g2u = 0.14 GeV3/2.
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Figure 3.17 The total and elastic cross sections at the CGC fields with different profiles. the initial
state of the quark as g, = 0.. The results are averaged over 100 events. Parameters
in those panels: N = 18, L = 50GeV™!, L, = 50 GeV™!, N, = 4, m, = 0.1GeV,
pt =10GeV.
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Figure 3.18 The differential cross sections at the CGC fields with different profiles. The initial
state of the quark is g, = 0.. The results are averaged over 100 events. Parameters
in those panels: N = 18, L = 50GeV™!, L, = 50 GeV™!, N, = 4, my = 0.1GeV,
p* =10GeV, and g2u = 0.14 GeV3/2,
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Figure 3.19 The evolution of the expectation value of the quark’s transverse coordinate at different
profiles. The initial state of the quark is Ce ™" 110207 where C is the normalization
coefficient. The results are averaged over 100 events. Parameters in those panels:
N=18,L=50GeV!, L, =50 GeV!, N, =4, m, = 0.1GeV, p* = 10GeV.
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CHAPTER 4. SUMMARY AND OUTLOOK

In this thesis, we have investigated quantum chromodynamics in the non-perturbative regime with the
light-front Hamiltonian formalism. Our explorations are from two aspects, the hadron bound states and the
high energy scattering.

We have reviewed the formalism of solving the quarkonium system with the effective Hamiltonian ap-
proach and discussed how one could extend the calculation from the valence Fock sector to higher Fock
space. We then studied the properties of the quarkonium through electromagnetic processes, via the elas-
tic form factors, the radiative transition form factors and the decay widths. In light-front dynamics, the
electromagnetic transition amplitudes between mesons are usually computed with the ”+” current and in
the Drell-Yan frame for simplicity. Though in principle, calculations of the Lorentz invariant form factors
should not depend on the choice of current components or reference frames, practical calculations could
receive such spurious dependence when rotational symmetry is broken by Fock space truncation. We were
therefore motivated to make a complete study by analyzing all four current components, with all possible
magnetic projections of the states, and in a general reference frame. Based on our analysis, we made sugges-
tions on choosing the preferred currents and frames in calculating the elastic form factor, the M1 transition
form factor, and the decay constants. We also carried out numerical calculations of those quantities with
light-front wavefunctions calculated from the valence Fock sector and compared with experimental data and
other theoretical calculations. The formalism of our investigations could also apply to light mesons and can
be extended to baryons.

The scattering of a light projectile, proton or electron with large nuclei helps us understand QCD dy-
namics from a dynamical viewpoint. Intrigued by the strong interaction between the fast quarks and the
nucleus, we studied the process of a quark jet scattering off a nuclear field. We treat the nuclear field as a
background using the Color Glass Condensate model. We carry out an explicit evolution for the quark by

decomposing the time-evolution operator into small time increments. In this way, we calculate the cross
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section, and moreover, we get access to the intermediate states and witness the dynamical processes such as
color rotation and momentum transfer. By relaxing the longitudinal momentum of the quark to finite values,
we also revealed the sub-eikonal effect on the quark’s transverse location. The framework in this study also
shows exciting possibilities for future applications of time-dependent approaches in the non-perturbative
quantum field theory.

The two studies in this thesis together investigate the non-perturbative quantum field theory on the light
front. We foresee future developments in two directions. The first direction is to include higher Fock sectors
in our calculations. We have outlined the framework of solving the heavy quarkonium system in the |gg) +
|ggqq) sectors with the BLFQ approach. Its realization will not only result in more realistic representations
of quantum states, but also allow for a more complete treatment of a variety of processes, especially the
radiative transition and the strong decay. For the quark-nucleus scattering, inclusion of higher Fock sectors
such as the |gg) sector would allow us study the gluon emission from the non-perturbative aspect. The
second direction is to extend the range of applications. Following the initial efforts on positronium and
heavy quarkonium, the works on heavy-light mesons, light mesons, baryons and glueballs are underway.
We also hope to apply the time-dependent light-front Hamiltonian approach to address strong scattering

problems such as the dipole-nucleus scattering and particle production in the fields of two colliding nuclei.
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APPENDIX A. CONVENTIONS

A.1 Light-Front coordinates

The contravariant four-vectors of position x* are written as x* = (x*,x", x!, x%), where x* = x

0

0 3

+ X

is the light-front time, x~ = x° — x° is the longitudinal coordinate, and ¥, = (x', xz) are the transverse

coordinates. We sometimes write the transverse components with subscript x (y) in place of 1 (2), for

example 7, = (r*, P).

The covariant vectors are obtained by x, = g,,x", with the metric tensors g,, and g/”. The nonzero

components of the metric tensors are,
g'=gi=-13=12).

Scalar products are

1 >
a-b=d'b,=a"b, +a b_+a'by +a’h, = S@b”+ab")=dy by .

Derivatives are written as

The Levi-Civita tensor is defined as

+1, ifu,v,p,o is an even permutation of —, +, 1,2

1
HPT _ \/TTg -1, ifu,v,p,0o is an odd permutation of —, +, 1,2

0, other cases

with y/—detg = %

The full four-dimensional integral is

d*x = | d&Odx'da?dx® =

| =

fdx+ dx d*x, = j‘dz'xd)fr ,

(A.1)

(A.2)

(A.3)

(A4)

(AS5)
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where we also define the volume integral as

1
f dx = f dx, d?xt = 3 f dx d%xt . (A.6)

In the momentum space, the Lorentz invariant integral is,

d* 1 (dptdp d?
f L oM (pp - P — ) =2 f AP EPs gty omys2(pt p — - m?)

4 ) 4
(2n) . (2n) (A7)
) f e op™)
(Qn)*2p*
The Fourier transform of a function f(7,) and the inverse transform are defined as
&pi pn s z 2 —if, T
f(F) = we (P L), f(pu) = | dFLe™ P f(7L) . (A.8)
A.2 y matrices
The Dirac matrices are four unitary traceless 4 X 4 matrices:
0 0 —i . |00 |0 -2 . |-iet 0
Yy =p= . Y= . Y= . Y= - (A.9)
i 0 2i 0 0 0 0 o
They are expressed in terms of the 2 x 2 Pauli matrices,
0 —i 0 -1
¢l=0?= , ¢r=-c'= : (A.10)
i 0 -1 0

Note that y* = y* — 90, Tt is also convenient to define y® = y! + iy? and y* = y' + iy?. The chiral matrix is

¥ = iy"y'%*y3. Some useful relations,

Yy =y Y =0t Yy = vy =iyt (A.11)
Yoy =0 ) = 2T (A.12)
o=y, @)Y =@ =1, a'd®=-a'd? (A13)
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Combinations of Dirac matrices as projection operators,

1 - 1 1
A:t — _AF —— 0.+ = I+ 3 .
VY=Y 2( a’)
They have the following properties,
(A% = A%, (A% = A%,

AT+A =1, A*AT =0,

a,iAi — A:Fa'i, ,yOAi — A:F')/O .
A.3 Spinors

The u, v spinors are defined as,

1 1
u(p’/'l = —) = —(p+,0, imq, lpx - Py)T 5

2 \Vp*
RN + o7
M(P,A - _E) = W(Osp » ~Ip _py’lmq) ’
_ 1 1 . .
wp.a=3)= \/F(mq,px —ip’,-ip*,0),
1 1
ﬁ(p’/l = __) = (_px - lpy’m ’O’_ip+) )
2" p* 7
and
1
V(p’/l = _) = (p+a 07 _imq7 lpx - Py)T s
2 p+
1 1  x .ot
v(p, A= —5) = ?(O,p ,—ip* = p’,—imy)T ,
Wp.d = 2) = ——(=mg. p" — ip®, ~ip".0)
9 2 —\/F q» 9 ) 9
~ 1 1 . .
w(p, A= —5) = \/F(—px —ip”,—mg,0,~ip") .

They satisfy the Dirac equations:

u(p, H(p +my) =0, (p —mgu(p, ) =0;

v(p, D(p —my) =0, (p +mgv(p, 1) =0.

They follow normalization relations,

u(p, A)u(p, 12) = 2myoa, 4,5 v(p, A)V(p, A2) = =2my6), 2,

U(P’ /11)‘_’(17’ ) = ‘_}(p’ /11)’4(17’ A2)=0

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A21)

www.manharaa.com



147

Gordon identities:
1
2mgi(p’, V)Y u(p, ) = a(p’, )(p" + p)' - 5[7",7”](1)’ — p)ylu(p, D) (A22)

A.3.1 spinor part in the quark current

a(p2, )y u(p1, A1) = 2P P30,y

R
I
F
S
I
+

2 R L
m +p1p25

g
I
|
iy
I
+

> mk - ph),
+ o+
NPIP2 | m(pf - p%), A=+ =-

m2+prRa /11=_7/12=_

u(p2, )y u(pi, A1) =

pipf+pipk, A=+ 2=+

m(p; — p'l"), Al=— A=+ (A.23)

u(p2, )y u(pr, A1) =
+ 4
PiPy \m(pt —p3), Ai=+A=-

pipk+pipk, ai=—=-
i—pipR+piph), A=+ =+

—im(p3 = p}), A =— =+

1
NPIPY |=impt D). hi=hd=-

ipspt - pipY)., Ahi=-l=-

u(p2, A2)y u(py, A1) =
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By defining p® = p* +ip”, pt = p* - ip?,

i(pa, )y u(pr, A1) =
+ .+
PPy

i(p2, A2)y u(p1, A1) =
+ .+
PPy

2928
m(p; = p7)
0,

prps,

piph,

0,
m(py = p3),

pipk,

A1
A1

A1

(A.24)
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A.3.2 spinor part in the antiquark current

V(p2, )y v(p1, A1) = 2Py P3oa.0
m*+ptpR, A=+ b=+

m(p§ _pf), /11 = /12 =+

V(p2, L2)y v(p1, 1) =

pip; m(pk—ph), L=+l =-
m*+ pRpl, Ay =— 1 =-
+ R _ _
plpz’ /ll_+a/12_+
0, Al =—=+ (A.25)
W(p2, )Y v(p1, A1) =
+ o+
PiPy |m(pt —p3), i =+A2=~
P;plf, Al = /12 = -
+ L _ _
pzpl, /11_+7AZ_+

2 m(p;_p-{—)’ /11 =_7/12=+

D(p2, )y v(p1, A1) =
o+

p1p2 0, /11=+,/12=—

p-{—péa /11 = _9/12 = -
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A.3.3 spinor part in the pair creation/annihilation vertex

w(p2, L2)y v(p1, A1) = 2T Pyoa-a,

u(p2, L)y v(p1, 1) =
PPy

ﬁ(pZa /12)7RV(P1 5 /11) =
PP,

i(p2, 1)y v(p1, A1) =
PPy

-m(py+ph), A=+ lb=+

-m? + p’fplz‘, =—A=+
-m? + pfp’ze, A=+ =-
m(pf+p5),  h=-d=-
-m(p} +p3), A=+ =+
pipf, Ai=—Ay=+
pip5, A=+ =-
0, A =—dy=—
0, A=+ =+

pipy, Ai=— A=+

p3phs A=+, =—

I

|

S
I
|

m(p; + PT), /11

(A.26)
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V(p2, A2)y u(pr, A1) = 2/pT p3oa.-a,

—mg(pR+pR), M=+ =+

2 R L — —
_mq+p2p1a /ll__’/12_+

2
Vp}'p; —mé + p{‘pl;, =+ =-

mq(pé + pf)7 /11 = /12 = -

V(p2, L)y u(p1, A1) =

O, /11 = +,/12 =+
Mot di=b=+ (A27)

2
PIPs | pRps, A=+ =—

mq(p; +p-1'—)a /ll = _7/12 = -

B(p2, L)y u(pr, A1) =

-my(py +py), A=+ =+

_ I P%p;’ /ll :_’/12=+
V(p2, )y u(py, 1) =
+ .+
PyPy | pipt, A=+ = -
0, /ll = /12 = -

A.3.4 spinor part in the instantaneous quark vertex

w(p2, A2)y Yy u(pr, Av) = a(p2, )Yy Y u(p1, A1) = 2| py P36, (A28)

w(p2, )Yy Y ulpr, 1) = =ia(p2, A2y’ y vy u(p1, 1) = 2i \|p} P36, 2
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A.3.5 spinor part in the electroweak current

#(p2. L)y Y u(pr, 1) = 2.pip}

1, A=+, =—
07 /11 - T /12 - -
mq(pg pf)’ /11 = +’ /12 =+
_ _5 _mg _plzepf, /11 = _’/12 =+
V(p2, L)y y u(pr, 1) =
Pip; mi+pipR, A=+ = -
my(ps—ph), Ai=—-=-
(A.29)
0, A=+ =+
R+
—Pzpl, /11:-,12:-%
W(p2, )Y Y u(pr, 1) =
+ o+
PPy | piips, A=+ =-
mq(p; _pT)a Al ===~
my(py +p]), A=+ =+
Lo+
—Plpz, /11=_7/12=+
W(p2, )Y Y u(pr, 1) =
+ ot
PPy | pLpt, A=+, =~
05 /11 = /12 ==
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A.4 Spin vector of massive spin 1 particles

Define the spin vector for the massive spin 1 particles with momentum &* and spin projection A:

k+ I_C?_—mz ]?J_

e(k,A=0)=(—, s =) (A.30)
m  mkt " m
2e -k,
dhﬂ=iD=«L—%r—&b (A.31)
where €5 = (1, +i)/ V2 and m is the mass of the particle.
Spin vector identities
e Proca equation:
kyet'(k,2) = 0.

e Orthogonality:

eﬂ(k’ /l)e;(k’ /l,) = _6/1,/1’; .
e Crossing symmetry:

ek D) = ek, =0, (k) = (~1)*1ek(k, 1)

A.5 Polarizations of massless vector bosons

Define the polarization vector for a massless vector boson with momentum k* and spin projection A =

+1:

etk
AT by, (A.32)

G = (.. = 0,22 ¢

where €5 = (1, +i)/ V2.

A.6 Discrete symmetries

Consider a particle state with momentum p* and parity P,

Plp(p",P)) = Pl¢(PLp", P)) . (A.33)
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The parity operator is

+1
1\ -1
Pr=P), = . (A.34)
-1
-1
The current operator under the parity transformation is
PP = PH) . (A.35)
For spin vector,
HP k) =-Pe’(k, Q) . (A.36)
Consider a particle state with charge conjugation C (if there is one),
Clp(p",C)) = Clp(p", O)) . (A.37)
The current operator under the charge conjugation is
c'JrC =" (A.38)

A.7 QCD color space

The specification of the quark state in the color space is by a three-element column vector c,

1 0 0
¢ =10]| forred, 1| for blue, |0 for green. (A.39)
0 0 1
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the Gell-Mann matrices,

010 0 - 0 1 0 O
1 1 1
1_ 1 2_ 1. 3_ 1 B
T = ) 1 00|, T 5|1 0o o|, T 5 0 -1 0},
0 0O 0 0 O 0 0 O
0 01 00 —i 00O
1 1 1
T4 = - T3 == 76 = = A4
5 0 0f. 5 00 0}, 5 0 0 1}, (A.40)
1 00 i 0 0 010
0 0 O 1 0 O
=0 0 <. =—|o 1 o
5 il > V3
0 i O 0 0 -2
In the matrix notation, A# = T¢A! with the gluon index @ = 1,...,8. The color matrix element
A'lclc’ = Tgc'AZl
1
A A i
1
At =L Ay A A (A41)
2
A +iAs AR+ AL ——3A’g
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APPENDIX B. THE LIGHT-FRONT QCD HAMILTONIAN

In this Appendix, we first derive the canonical QCD Hamiltonian according to Ref. [33] with details,
which compensate the discussion in Section 1.3. We then turn to the derivation with the participation of an

additional background gluon field.

B.1 The light-front QCD Hamiltonian

The strong interaction between quarks and gluons is described by the non-Abelian gauge theory with

symmetry group SU(3), known as quantum chromodynamics (QCD). The QCD Lagrangian reads

1 _
L= _ZFWaFZV +¥Y(iy'D, - mVY . (B.1)
A is color vector potential, with the gluonindex a = 1,2,..., 8. The quark field ¥, ., carries the Dirac index
a=1,2,...,4 and the color index ¢ = 1,2, 3, which are usually suppressed in expressions like @y“Dﬂ‘I’ =

@cy“(D#)w‘I’cr. m = ml3 = md.~ is diagonal in color space. The vector potential can be parameterized
as (A, = T;‘C,Aﬁ by the color matrices T, ,, and its matrix form can be found in Appendix A.7. F o=
HAY - AL — g f“b"A’;A‘C’ is the field tensor, and D* = d,,I3 + igA* is the covariant derivative. The structure
constants (¢ are complete anti-symmetric, f%¢ = £ = — 0 _1n the following derivations, We will drop
the identity operator in the color space, I3, for simplicity.

The QCD Lagrangian is a functional of the twelve components A*, ¥,, ¥, and their space-time deriva-

tives. We can denote them collectively as £ = L[¢,, d,¢,]. The equations of motion are
Ol —6L/6¢. =0, (B.2)

where the generalized momentum fields are II¥ = 6.£/5(0«¢,). The variational derivatives are

oL 1 = =
15 =~ g P Cof A X4+ WY (gT )Y = —g fFI'AL - ¥y T, T =—F{, (B3
K
L _ 5 5 igus i i
_ M _ _ - H A _ 5 A A _ .1
=5 = 8PV Cu—m¥ =S¥y, Ty = Sy, Tl =5y (B4)
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The first four equations of motion give the color-Maxwell equations,
O F = gy, (B.5)

with the current density JX = f5¢F " A + Wy T*¥. In the light-cone gauge of A} =0, the k = + component

of Eq. (B.5) does not contain time derivatives, and can be written as
glf =0 FF = -0"0_A, - 9% 9,A. . (B.6)

By disregarding the zero modes [151], one inverts the equation to

_ | | ;
EAa = —gw‘la - 8—+61A; . (B7)
We define the free solution A such that limg_,o A = Al According to Eq. (B.7), the free field reads,
i g N VR | - 1 ;
Au = (O,Aa,Aa), with EAa = EAa + gw.]a = —a—+(9iAa . (BS)
Al is thereby purely transverse.
The second group of equation of motions give the adjoint color-Dirac equation,
— —
Yliv'(0, —igA,) +m] =0. (B.9)
Take Hermitian conjugate on the equation and use the relation ¥ = ¥, we have
[—iy" (0, +igA,) + mly’¥ =0 . (B.10)
By moving 9" to the left, we arrive at the color-Dirac equation,
[iy"(0y +igA) —m]¥ =0. (B.11)

Similar to the gluon field, we also want to separate the dynamical components of the fermion field. Define
the projected spinors ¥, = A*WY, with A* = %yoyi, see more definitions of A* in Appendix A.2. First

multiply Eq. (B.42) by ¥° on the left,
(YY" D, +¥’y D_+a'Dy)-mBl¥ =0,

(B.12)
which is, [iQATD, +2A"D_+a'D;) —mBl¥ =0 ..
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Then multiply the equation by A*(A™) on the left, and bring it to the right,
[(QD.A* + &' D;AT) — mBATI¥ =0 . (B.13)
One thereby obtains a coupled set of spinor equations,

2i0, ¥, = (—ia'D; + mp)¥_ + 2gA,Y, (B.14)

2i0_¥_ = (-ia'D; + mB)W, +2gA_Y_ . (B.15)
Eq. (B.46) does not contain time derivatives, and can be written as a constraint relation,

— 1 -1
W= o (mB — i DY, (B.16)

By substituting Eq. (B.47) into Eq. (B.45), we get

2iD, ¥, = (mB - ia/"D,-)%(m,B —id'D)Y, . (B.17)
10—

In analogy to the free solution A, we define the free spinor ¥ = ¥, + ¥_ with
~ ~ l .
Y, =¥, Y_-= ﬁ(mﬁ— ia'0;)¥Ys . (B.18)
i0-

It is also easy to see that ¥, = A*P.
We now turn to the construction of the canonical Hamiltonian density through a Legendre transforma-
tion,
Pi =0+ ADILL + (0. VI, + (aﬁ)n% -L
| — 1 1 — —
=—F 0,A + %[‘Py*&r‘{’ +h.c]+ ZF“VaFZV - E[‘I’(iy“D# -mVY + ‘P(—iy“ﬁﬂ -mY¥] (B.19)
i — 1
= - F:K(9+Az + 5[‘1”’}/+6+T + hC] + ZF”V“FzV s
where we have used the color-Dirac equations as in Eqs. (B.40) and (B.42) in the last line. It is convenient

to add a total derivative —0,(F¥*A?) to the Hamiltonian P~ = 2P,

P =2 fdx+ d’x, P,

' (B.20)
_ 1
= | dv d®x. - F9,A% + %[‘i’y+8+‘1’ +hel+ 2P, - (FLAY).
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We can rewrite the first and the last term into
FXT0LAL — 0u(FXTAY) =F5 0, AL — (0 FSHAS — FiO,A;
=FT(04AL — 0,AY) — (O FXHAS

== F{U(Fy, + 8f " ARAS) — 8 TS A

(B.21)

= — Fi'Fy, - gFy fPALAS - gJ A

== F&F), — gF P ALAS — g(F“Fl A + Wy TS )AL

=— FFS, —gPy T°ASY .

The Hamiltonian becomes
1 — | —
P = fdx_ d’x, ZF’“’anV - FF, - gVy T ALY + %[‘I’y+6+‘l’ + h.c.]

(B.22)

1 | —
= fdx_ d*x, ZF’“’QFIZV - FS'FS, + %[\I’y+D+‘P +hc].
Let us also rewrite the color-electro-magnetic energy density and separate the longitudinal and the transver-
sal contributions,

1 1 i _ _
ZFQ”F;;V - FF, =Z(F;JF;1]. +F FL, + F)FY, + Fiy Fo_+ FF°,

~Fy Fio —F,"F_,) - FyFy
(B.23)

1 1 _ _
=ZF§]F;1]. + 5(1«"’;{*F;}+ +Fy F._ —F; F{)-F,F,
_lFijFa _ 1F+—Fa
_4 a’ij 2 a +—

Note that F;"F4, = Fi F9_ by Fi, = F¢ g"g*". Substituting A; by Eq. (B.7), the color-electric part

becomes,

Fr F' =—8"A;0_A%

1 ot A
= - ZB+Aa6+Aa
1 + i\2
== (—ga—Ja - 0iA,) (B.24)
YT G i\2 Lo i
=—g (9_+Ja a—+Ja - (aiAa) - 2g6—+.’a 61'Aa

I . )
=T G- (BALY — It A, .
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In deriving the last line, we introduced an extra term —gza%(J:{ (,%J;), and it should vanish under the integral

of f dx™ in the Hamiltonian. The color-magnetic part can be written as
FJFS =20 AL0:AY — 20400 A7 — 4g fU 0 ALATAS + g P AL AL F°T AS AL
= = 2A00'0,A% + 24,00, — Ag [T ALATA + g fALAL T ALAT (B.25)
=2A, V3 A% - 20,A0'A) — Agf I ALATA + g fALALFT ALAT
For the spinor terms,
iPy* DY = Y0y D W = 20¥TAT DY = 2WTATDAYY = 20Y I D, Y, . (B.26)
Substitution of the time derivative in Eq. (B.48) and the free spinors defined in Eq. (B.49) leads to

2¥I DY,

. 1 . g
=¥! (mB - ia D;)5=(mp ~ i’ D)),

o 1 o . 1 .
=¥ (mB - i007) = (mpp — 0/ 0¥+ + gz\Pja’Aiﬁa’Aiq’+
o . T (B.27)
+ g‘P;a’Aiﬁ(mﬁ —id'0)¥, + g‘Pi(m,B - iala,')ﬁo/Ai‘I’Jr

. 1 . . 1 . S e
=¥ (mB - ia’@i)ﬁ(mﬂ — 9V, + gz\Pja’Aiﬁa’Ai% + gV A+ gP A,
10— 10—

- . 1 , - . . 1 . . . , - - . -
=W, — ia'0)) = (mp = i’ )V, + V.0 A0’ A¥ s + VLo AT+ gPLa'A T,
10— 10—

The first term reads,
1
2i0_

1

ARG iald )P, =P A, (mB - ia'd;)

¥l (mB - ia'6;) (mB — iald A, P

. ; 1 -
=‘I"A+(m,8 — la’al)ﬁA_(m,B - lajaj)\‘P
10—

o . 1 S
=V'ALA (mB - ia’ai)ﬁ(mﬁ —ia’0))¥
i0_

| . 1 a9 NG
:\IJV Efyof)/"'(mﬁ el 104 6,)K(mﬂ - la’Jaj)lP (B28)

LGt B — i) WP
—2‘1’)/ (mB za/(?,)zia_(mﬁ ia’0;)¥

2

1z PN )
=5 By*m+ iy'0) 5= (m -
1= m>-V?_

=Pyt ¥
2 T2

iy/0;)¥
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The second term reads,

Z\iJT iA 1 jA\i’—gz‘i'+0iA 1 OjA\P_gzliliA 7+ jA\{”‘, (B29)
8§ r,a 121'(9_&/ T =7 Y Yy 121'(9_77 ir=5 Y 121.6_7 jr - :
The last two terms combine into
g‘i’iaiAi‘i’_ + g‘i’ja/"A,-‘i’Jr = g(‘i’i + ‘i’_)a/"A,-(‘i’Jfr +¥) = g‘i’TaiAi‘i’ = g‘i’yiA,-‘i’ . (B.30)

We can also define the current density of free fields solution J, in analogy to J%, and notice that their "+

components are the same,

TE=fFRAG + Wy T = f 0t ARAS + Py T

s

B (B.31)
= O ALAS + By TS = 9T ALAS + Byt TIP = T
Let us also introduce the fermion current 7, = ‘i’yf‘ T*¥ as part of the total current J4. By substituting
Egs. (B.23) to (B.31) into Eq. (B.22), and with A’ = A’, we finally get the front form Hamiltonian,
1.; - l= . m?>=V2 .
_ -2 T \2
PQCD =fdx d X, — EA{l(lVJ_) A? + 5T7+la—+L\P
- gf“bcaiAéﬁi’A; +gJrAY + ¢ Py 4,9
(B.32)
27 vy
2 +
8 &.iz Y iz
+ ?\P’}/IAII(?TYJAJ‘“P .

The two terms in the first line are the kinetic energy for the gauge field and the fermion respectively. The

2 S
T+ g Al et Al

a

three terms in the second line can be written collectively as gJ5 A%, which include the three-gluon-interaction,
the gluon emission and quark-antiquark-pair-production processes. The two terms in the third line are
the instantaneous-gluon-interaction and the four-gluon-interaction respectively. The last line contains the
instantaneous-fermion-interaction. Note that in Eq. (1.9) of Section 1.3, we dropped the tilde on all variables

to have a cleaner notation.

B.2 The light-front QCD Hamiltonian with a background field

In the presence of the background field A*, one should replace the gauge field A* by A* + A* in the

Lagrangian--By-doing.so;-we-take,into account the kinetic term for the background and its interaction with
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the gluon field. The Lagrangian density for QCD with the background field A* can be written explicitly as

below,
(B.33)

1 1 — . . — LS .
L= —ZF"VaFZV + 5[‘1’(1)/"(8,J +igC,) —m)¥ + Y(-iy*(0, — igC,) — m)¥],

where F,” = 0°C, - 9"Cl, — ¢ f“b"CZ C? and C* = A* + A*. The variational derivatives are now

Iy, = -F{, (B.34)

0L 1 — —
Si = P RS ) ) A Wy TN = —gfFIC = gy T, T =
6_III = —g\P’y'uC‘u -m¥ - E\I”y'“(?#, Hq} = E\P’y , H? = E’y V. (B35)

The first four equations of motion give the color-Maxwell equations,
(B.36)

ONF ¥ =gy,

with the current density JX = S C, + Wy“T*¥. In the light-cone gauge of Ab = A =0, thek = +

component of Eq. (B.36) does not contain time derivatives, and can be written as

gJt =0, FY = —9%9_C, - 974;,C. . (B.37)
By disregarding the zero modes [151], one inverts the equation to
1 1 1
(B.38)

+

~ A

— — — — — — . 1 —
2Aa - g(8+)2 Ja 8+ lCa 2
We define the free solution A} such that limg_,o A} = A}, According to Eq. (B.38), the free field reads,
SRR SN (U SV IO IPRPR g
Aa = (O’Aa’Aa)’ with EAa = EAa +gw.]a = —5 iCa - Eﬂa . (B39)

Al is thereby purely transverse.
The second group of equation of motions give the adjoint color-Dirac equation,

Pliy"(9, — igC) +m] =0 . (B.40)
Take Hermitian conjugate on the equation and use the relation ¥ = ¥¥y°, we have
(B.41)

[—iy" (0, +igC.) + mly"¥ = 0.
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By moving " to the left, we arrive at the color-Dirac equation,
[iy"(0y +igC,) —m]¥ =0 . (B.42)

We now separate the dynamical component of the fermion field. First multiply Eq. (B.42) by %° on the left,

i(y’Y* D, +y’y " D_+a' D) -mBl¥ =0,

(B.43)
which is, [iQA*D, +2A"D_+ &' D)) —mBl¥ =0 .
Then multiply the equation by A*(A™) on the left, and bring it to the right,
[{(QD.A* + &' D;A™) — mBATI¥ = 0 . (B.44)
One thereby obtains a coupled set of spinor equations,
2i0, ¥, = (—ia'D; + mB)¥_ + 2gC, ¥, , (B.45)
2i0_Y_ = (—ia' D; + mp)¥, + 2gC_Y_ . (B.46)
Eq. (B.46) does not contain time derivatives, and can be written as a constraint relation,
]. . l
Y_=—mB—-ia' D)V, . (B.47)

2i0_
Note that we already have the background field in light-cone gauge, i.e. A} = 0. By substituting Eq. (B.47)

into Eq. (B.45), we get
. 1 .
2iD,Y, = (mB - ia/’Di)ﬁ(m,B —ia'D)V¥Y, . (B.48)
i0_

In analogy to the free solution A, we define the free spinor ¥ = ¥, + ¥_ with

~ ~ 1 . i

\P+ = \P+, Y_ = ﬁ(mﬁ — @ aj)l}’.'. . (B49)

i0-

It is also easy to see that P, = A*P.

One can then construct the Hamiltonian density through a Legendre transformation, as in Eq. (B.19).

| 1
P, = —F 9, A5 + é[‘I’y*&r‘P +hel+ PP Fy, . (B.50)
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The difference is that the field tensor, F*’, now also contains the background field. It is then convenient to

add a total derivative —0,(FX*C¥%) to the Hamiltonian,

P =2 fdx+ d’x, P,
) 1 (B.51)
1 —
= f dx~d®x, — F9,AS + E[qffa;}f +hel+ 2Py, - O (FCS) .
We can rewrite the first and the last term into
FP0,AL — 0(FX*CY)
=F0,.AL — (0 FCS - F&o,C3
=FT(0:AL — 0,C3) — (0 FXT)CS.
= — F(F5, + gf*P°CbCS + 0, A) — gJiCS (B.52)
==~ F{'Fy, = gFy 000 — F 0, Ay - gJ7CL
== FF), — gFS f7°CUCS = FET0 AL - g(f“Fl'CS + Wy TYW)CY
= F*'FS, — Py T°CSY — F¥ o, A8 .
The last term —F%* 8, A = 07Ci9,. A should cancel under the integral [dx~ if both fields A} and AL

vanish on the boundaries of x~ — +oco. The Hamiltonian then becomes

1 — | —
P = fdx' d*x, A_LFW“FZ" - FF, - gPy T CIY + %[‘Pf'&r‘l’ + h.c.]
) i _ (B.53)
- f dx d%x, P uF, — FYF), + (%Y DY + hel
The color-electro-magnetic energy density could be written as 3 F} F%, — Fi ' F, = 1F pia 5= IFi-Fe_

according to Eq. (B.23). Substituting A, by Eq. (B.38), the color-electric part becomes,

FIFl_=-8"C;0_C¢

—_ %a+c;a+c,;

=~ (g IS~ LY (B.54)
o gzaé.z;aéjg —3,CL) - 2gai+Ja+ 3;Cy

=gJ; Gl OCL)" = 8IIA; =8I
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Note that in deriving the last line, we introduced an extra term — gza%(J; 3L+J ), and it should vanish under

the integral of f dx™ in the Hamiltonian. Similar to Eq. (B.25), the color-magnetic part can be written as
Fil e, =2CIV3.CY - 2(9;CI0'CY) — 4g f" ' CLCEC + g fbeCyClpee! Cfcj.” . (B.55)
For the spinor terms, we have
Uy T’ ALY = 2g¥ T’ AW, = 20¥ AP, = gPy* AT, (B.56)
and
Py DY = ¥y D, ¥ = 20 AT DY = 20¥TATD,ATY = 209 DY, (B.57)
Substitution of the time derivative in Eq. (B.48) and the free spinors defined in Eq. (B.49) leads to
2Dy,
=¥! (mB - ial’D,-)ﬁ(mﬁ —id' DY,

. 1 . i 1 i
=¥ (mB - ia 0i) 5o (mp = ia' ) ¥, + P A Cigma'CY-

o 1 . . . 1 (B.58)
+ g‘P;a’Ciﬁ(mﬁ —id'd;)¥Y+ + gV, (mpB — ia/’c'),-)ﬁcx’Ci‘I’Jr
. 1 . A o .
=97 (mpB - i007) 5= (mfp = 0/ 0¥+ + gz\yialciﬁa’a‘m + gV d'CY_ + g¥ i,
- . 1 L T 1 . - S S
=97 (mB - i007) 5 (mfp = 0/ 0P + gz\yialciﬁa’a‘m + gV dCY_ + g¥ i,
The first term reads,
- . 1 . . 1 . .
‘I’i(mﬁ - ia/’(')i)ﬁ(mﬂ — i/ 0¥, =¥V A (mB - ia’ai)ﬁ(mﬁ —ia/0 )AL
10— 110
o . 1 . -
=‘I"A+(m,8 — la’al)ﬁA_(m,B - lajaj)\‘P
110
o . 1 . -
=V'ALA (mB - ia’ai)ﬁ(mﬁ —ia’0))¥
10—
i1 T o
=¥ >yt (mB - ia’0) 5—(mB — ia’0,)¥ (B.59)
2 2i0_
1: o o
=§‘I’y+(mﬁ —ia 8,-)ﬁ(m,8 -9V
1= Y o
:E‘I‘f'(m + iyla,-)%(m —iy/0)¥
1z m>—=V2 .
=—Py* Ly,
2 T2ia_
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The second term reads,

+

- 1 L g2 = , 1 . - g2 = . 0% .
2971 i +.0.i 0 i
Y'od'Ci——a/C;¥, = =¥ Ci—y"y/C,Y = =—¥'C; ICW . B.60
b g it = Y Y Y S VY 2 Vi Y (B.60)
The last two terms combine into
eV CT_ 1 gF O, = (T + P ) CF +F_) = ¥ i CF = Ty C,F . (B.61)

Define the current density of free fields solution J, in analogy to J4, and notice that their ”+” components

are the same,

J;r :fsacF;r/lA’Z + @)ﬁ TSy = fsuca+AgAZ + @)ﬁ T5¥
i (B.62)
:f‘“‘"(’ﬁAi,Af + ‘I"y+TS‘P = fsaca+AZA$ + \P)’*—T‘qu = j:- .

Define the current density of free fields solution J- in analogy to J4, and notice that their ”+” components

are the same,
T =fFC+ Wy T = f*9* CLCE + Py T = T} (B.63)

By substituting the above equations into Eq. (B.53), we finally get the front form Hamiltonian with the
background field,

1 . 1 = m2 - V2 ~
- -2 Je 2 + L
P _fdx d°x, —ECQ(IV)LCI;'F ETV 2i0_ ¥
1 - 1 . ﬁfabcci ijae feec! (B.64)
28 a(a+)2 a 4 b>c i~
2
- ’
2 2i0_

+

‘i‘y"C i )/j C j\i’ .

The two terms in the first line are the kinetic energy for the gauge field, the background field and the
fermion. The four terms in the second line can be written collectively as gJ; C;;, which include the three-
gluon-interaction, the gluon emission and quark-antiquark-pair-production processes. The two terms in the
third line are the instantaneous-gluon-interaction and the four-gluon-interaction respectively. The last line

contains the instantaneous-fermion-interaction. For each interaction involving the gluon field, it also in-

volves:the-background field-ln.studying the evolution of a QCD system interacting with a background field,
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one usually neglect the kinetic energy of the background field. It is often convenient to do the calculation in
the interaction picture, where we split the Hamiltonian into two parts, the full light-front QCD Hamiltonian

PZ)C p as in Eq. (B.32) and the interaction terms introduced by the background field V;,, = P~ — Péc D
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APPENDIX C. THE BASIS FUNCTION REPRESENTATION

In Chapter 2, we adopt the light-front wavefunctions of the heavy quarkonia obtained in the BLFQ
approach by Ref. [3] to calculate various observables. The wavefunctions are solved in a basis representation

as in Eq. (C.1).

e Ry = om0y m (kL X1 = 0)() - (C.1)

n,m,l

The transverse 2D harmonic oscillator (HO) function ¢,,, is defined as

” drn! (k™
Gun(R 130 = 71 | /ﬁ(ﬂ exp(—(k1)2 /DL () /12 explimb) | (C2)

where k+ = |/? 1| and & = argk*. « is the harmonic oscillator basis parameter in mass dimension. The

orthonormality relation is

&k, o 5
f@‘bn'm/(kL)‘ﬁnm(kL) - 6nn’5mm’ . (C3)

kR = k* + ik¥ (kI = k* — ik”) is the complex representation of k l(lz’i). The recurrence relations are

B VI I+ L1 (K1) = 600 — 1) Vgt me1 (kL) ifm >0

IR ppm(ky) = K (C.4)
VI F b1 (K1) = N+ 11 me1 (k) ifm<0
B Ve + g1 (k) = N+ 11 mr (K1) ifm>0

ke m(ky) = « (C.5)
VI + T 1(kL) = 600 — 1) Vg1 m1(kL) ifm<0

The Talmi-Moshinsky (TM) transformation [152] reads:

Gy (B3 DGy (Fasb2) = D MIM_ (b2 /b1 ¢ (P BYun(F: b) (C.6)
NMnm

where

2 2

% 5o g
2, 12 2, 2P2>
by + b5 by + b5

13‘=ﬁ1+92, p=
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and

bib
B= B> +12, b= —=—.
b} + b}

The longitudinal basis function is

Ird+nrd+a+p+1)

1201 _ /2 p(apB) _
FirarDraepen’ G-9070FR Q- €D

xi(x) = 42l + a + B + 1)\/

P;a’ﬂ)

where is the Jacobi polynomial. Its orthonormality relation is

1 1
i f dxy () r(x) = o - (C.8)
T Jo

The hadron matrix element requires the evaluation of the convolution of two meson wavefunctions. The

integrand of two meson wavefunctions reads as the following in the basis representation:

m;:) (m’)* a, , _ =3
o R w 2 KXy = Y g, ma, b, s, 5, m ), R/ X = 0, (1)
ol (C.9)
X Z l//;,:/ (nZ’ m2, 127 sl7 Ela m;)¢n2m2(_ki/ Vx/(l - x’))Xlz(x/) .
na,ma,l

The integration in the transverse and longitudinal dimensions makes up the convolution. It is usually ad-
vantageous to carry out the transverse integral first since it can be performed analytically by applying the
Talmi-Moshinsky transformation in Eq. (C.6). The remaining longitudinal integral could be performed nu-

merically through Gaussian quadrature.

C.1 The transverse integral

For convenience, we define a generalized form of the transverse integral as I1(z, x, z, A 1). Note that in
general, some order (notated as ) of k% (or k&) could appear in the integrand. To simplify the expression,
we also define x; = x'(1 — x’),x, = x(1 — x) and 1?; = la + 11 (11 = (1- x)&L). The integral can be
carried out by separating the overlapping momentum K, and the transferred momentum [, . One can achieve

such separation through a Talmi-Moshinsky transformation, and before that, one should operate a change of
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variables.

R 42k,
ez = [ = )2<kR) D B Wb (Fe + 1] VD)

+2 d2r 5 > 1
=( xm) f L R iy =R )y (= | —2— R —

5
)
X1 + x (2r)? X1 + X X1 + x VX

_( | x1x2 )”zf &%k, Uk — X2y
X1+ X2 (27)? x1(x1 + x2)

- VX2 X2 - VX1 - (C 10)
k, — I k, — l
X ¢n1m1( X1 + X 1 x| + xo J_)¢nzm2( x| + X 1 X1 + X )

+2 28 &
:( xfficg) f Z( )( S V xl(xf2+ xz)lR)t_S

X ¢n1m1( all ];)J_ \/_ —)J_)(pnzmz( 2 ]? \/_ _) )

1~ I
X1+ X2 X1+ X2 X1+ X2 X1+ X2

= Pl =
Note that I did not write out the scale parameter « explicitly in the harmonic oscillators. In the electromag-
netic process, the initial and final hadrons have the same k. However, in the electroweak decay, the initial
and final hadrons could have different «’s. In the derivation below, let us first take the latter case, which is

more general, and then reduce the result to the former.

Gy (P13 KD Gnomy (P2 K2) = NX1X20 0, m, (NX2P15 VX2K1)Dymy (VX1 P25 VX1K2) (C.11)

Applying the TM transformation,

Gm (NF2 P15 2K By (VT P23 VETKD) = D MOM (k| VXKD @NM (P; B)pun(F: b)

NMnm
(C.12)
where
7 2 2
= Vxp1 + Vxipy = 14, B =[xk} + x1K5
and
2 2

LXK . X2K] L XX p x10(k2 _Kz) 7 b VX1 X2K1K2
P= 2 4 x1k2 X2pl_x1<2+x/<2 2= X1+ X2 l+()c + x2)(x0ky + X z)b B .

Xok 1K 2 1 1 1 2)(x0K? 1K 2 2

1 2 1 2 1 2 X2K] + X1K5
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In the case where «; = kp = k, one can consider rewriting the two harmonic oscillators after the transforma-
tion on the same mass scale. This would be beneficial to the calculations in practice, where one only needs

to define the harmonic oscillator functions with one value of «.

¢NM(P B)¢"m(p’b) ¢NM( lJ-’ \/mk)¢nr11(\/ — _)J_;\/ 2 K)

+ X2 X1+ X2

(C.13)
J_ - X1+ X2
= - s nm k s
dnm( N K) m¢ (kisx) -
Back to Egs. (C.11) and (C.12), we have
1 .
>, > LN NMnm L . .
B, (P12 by (P2 K) = N%m Mo (N1 N~z i bR (C.14)

Now we have successfully separated the overlapping momentum k 1 and the transferred momentum I 1,

> / X1X2 Hz &k, [ x Ryi—s NMnm
H(t’ X, Z, A.L) X1+ %o f(2 )2 Z( )( ) (_ ml ) N;mMnlmlnzmz(\/x_l/ \/x_Z)

X ¢NM(_ )¢nm(kJ_)
\/x
2
(C.15)
The integral over one 2D-HO function could be carried out directly,
d2k S e [+ )
[ S0 ) = iyt . (.16)
(2m) nn!
(¢ A) ) ( X1X2 )szt: )t s ZMNMn—s (\/_/ \/_)
s Xy 2 = - < X X
S8 X1+ x — s xl(xl + x2) mminom N 2
s=0 Nnm (C17)
1 > . (I’Z + S)'
X | —1)28 s+1 = 2
Pnm( N D27 p—
In most cases of the hadron matrix elements, ¢ = 0, 1,
R X1X2 NMn0 1> n K
0, x,z, Ay) = M , ——))-1)'—.
0.%,58,) == NZ i (1 ) (e L1 (C.18)
M, x,z,4,) = - 110, x, 2, 1)
X1+ X2
(C.19)
+(,/m) > M, 32 (e 1T

Nnm
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Alternatively, one could perform the TM transformation by letting 7, carrying the transferred momen-

tum. Starting from Eq. (C.10),

M(tx2.4,) = f = )2<kR>¢mm1<kL/x/_ s (R + 1)) )

[ xix ’+2fd2/g¢ () X JRy=s
( x1+x2 (27r)22 ¢ x1(x1 + x2) ) (C.20)
X1

- VX2 - VX1 >
X By ( ki - lL)¢n2 ma( ki + N
X1+ X2 X1+ X2 X1+ X2 X1+ X2
_— —_ 2

As in the previous derivation, I restore the «’s in the 2D-HOs for generality.

Gy, (P13 KD Ony—my (P23 K2) = VX1X2¢n.m1( \/_pl,\/_Kz)cbnz mz( \/X_zpz, Vx2k1) (C21)

Applying the TM transformation,

¢mm.( v— Pis NX1K2)ny- m2< «/— WP Nk = ) MY (VXK NEK2) o (P BYgun(F: )

NMnm
(C.22)
where
2 2
B K2 L K1 L kxitkx (K2—K1)\/x1x2_, B > >
= —\xXip1+ —+Vxp2 = 1+ I, = AJX1K; + XK,
K1 K2 K1K2 \X1 + X2 K1k2(x1 + x2)
and
2 2
S sz1 K> 5 )ClK2 _) _ K1K2\/xl_xl_, b= MKIKZ
P———vxlpl—— \/ — Sl =

2 2 + X / '
+ K X1K2 + xoK2 X163
X1K; + X2K] K1 1K5 2K K 1%y 2K X1K§+X2K%

In the case where «; = k» = «, let us rewrite the two harmonic oscillators after the transformation on the

same mass scale.

- N > X1X2 > X1X
(B B b) =t (NET T ok N F T30 (-2 7 \/ 2
X1+ X2 X1+ X2
1 { (C.23)
> > X1+ X2
= (K 3 k) ———= (- ———1 ;
Onm(ky; K) m¢ ( N 13K) %
Back to Egs. (C.21) and (C.22),
- - nm e 1 7
G (P15 0P K) = D MO (2] VR MK s O~ ——==L13K) . (C.24)
X1+ X2

NMnm
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Again, we have successfully separated the overlapping momentum K, and the transferred momentum [, ,

Aoy — X142 2 dzl_él s X2 t—s NMnm
H 22 80) _( X1 +x2) f(27r)2 Z( ) e Vm ) Z Moy (V2] V31)

NMnm

- 1 >
X ¢NM(kJ_)¢nm(_mlJ_) .

(C.25)

The integral over one 2D-HO function could be carried out directly,

(N + s)!
N!

dzlzJ— s 7 NAs s+l
f Ky (L) = (=12 Shteso (C.26)

(2n)?

- , X1X2 t+2 d R
I 1, x, ,A :( t—s N—snm vl N rven
( X, Z J_) x1 + ,x2 Z s xl(xl + x2) Z Mnlmln2 mz( x2/ xl)
1

Nnm (C.27)

> (N + 5)!
(= ———1 (= D)N 2S5+ [
X Gun X1+ X2 DEDT2x aN!

We thereby arrive at an alternative expression to Eq. (C.17).

C.2 The longitudinal integral
The longitudinal integral is also in the form of basis function convolution,

1
j; dx f (e (x) - (C.28)

Considering that the basis function y;(x) is a modified polynomial function, the n-point Gaussian quadrature
rule is a suitable choice to carry out the integral. This method yields an exact result for polynomials of

degree 2n — 1 or less by a choice of nodes x; and weights w; fori = 1,...,n.

fb dxf(x) = Zn: wif(xi) -
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APPENDIX D. LORENTZ STRUCTURE DECOMPOSITION

According to spacetime translational invariance, the matrix element of the EM current operator satisfies

WP, DL QO WP, jom))) = WH(P, s m/)| I (0) (P, jomy)y PP (D.1)

The current conservation condition d,,J+ = 0 leads to

(P" = Py, (P, J s m)I T O) (P, jymj)) = 0. (D.2)

The charge operator on the light front is defined as

0= f dx, d®x, J7(x) . (D.3)

The eigenvalue of Q on for a particle state is interpreted as the charge of that particle,

O (P, jmp)) = eqln(P, jymj))) . (D.4)

The evaluation of the charge operator on a particle state leads to a normalization relation at zero momentum

transfer.

<¢/h(P” j’ mj)l Q W/h(Ps ja m])> = fdx+ dsz_ <lﬂh(P,, j’ m])l J+(x) W/h(Ps ja m])> . (DS)

WP, j,mPI T O) Wa(P, j,m))y = 2e,P*6* (P P') . (D.6)

The form factors of particle transitions are those coefficients F; of vectors V; obtained by decomposing the

hadron matrix element,

W (P, J, mDL JH(0) (P, j,my)y = Z FVE. D.7)
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D.1 Spin O mesons

In the quark model, a spin-0 (J = 0) meson could be either a scalar 0 or a pseudo-scalar 0~. And C = 1

for quarkonium. The matrix element of the current reads
(Hig(P', ' = mj = O)J*(0) lhgg(P, j = m; = 0)) = eq 7", (D.8)

where #* is a four-vector function of P’* and P*. Relevant scalars are |P’|, |P| and P’ - P. The first two are

fixed by the on shell conditions,
PHP =mi, PP, =m . (D.9)
Therefore the coefficients of vectors should only depend on P’ - P. Define
q" = P* - P, p=P"+ P, (D.10)
and decompose _#*# into the form of
JH=q'H(g) + P'F(qP) (D.11)
The condition of current conservation in Equation (D.2) requires,
G ¢"H(G) + qu - P'F(g*) = 0. (D.12)

This means there is only one independent form factor,

. B 2 _ 2
H(g") = _%F@z) . —%F(qz) . (D.13)
1
It follows that
m2, - mz
(hgg(P)1LJH(0) lhgg(P)) = eq P — %q“]F @) (D.14)

and F(q?) is the electromagnetic form factor. To satisfy hermiticity,

(hgg(POIJH(0) [hgg(P)) = (hag(P) J*(0) [y (P))” (D.15)

www.manharaa.com




176

For the elastic scattering, i’ = h, thus my, = my,
(hgg (P J#(0) |hgg(P)) = eqP"F (%) - (D.16)

Compare with the normalization relation in Eq. (D.6), we get F'(0) = 1.
Let us now analyze the symmetries of parity and charge conjugation (see Appendix A.6), and find out
what kind of transitions are allowed. We first insert two complete sets of the parity operator to the matrix

element,

() (P, PY)| JH(0) lhgqg(P,P1)) = (It o(P',P)| PP~ JH ()PP~ [hyq(P.P))

=PyP 1P (1o (P - P/, P2)| I (0) lhgq(P - P,P1))

2 2 (D.17)
—e PoP PLP [ - %gﬁ]mﬁ

= m/21’ _mﬁ u 2
=e,P,P[p" - 7 ¢ 1F(q) -

Compare with Eq (D.14), we arrive at
PPy =+1. (D.18)

This means the electromagnetic transitions of spin 0 particles preserves the parity. The allowed transition
modes are 0* — 0% (scalar-to-scalar) and 0~ — 0~ (pseudoscalar-to-pseudoscalar).

We then consider the charge conjugation of quarkonium.

(Hg(P",C2)| J*(0) [hgg(P, C1)) = (Hg(P’, Co)| CC' JH(0)CC ™" |hgq(P, C1)) D.19)
= — CoCy (hy (P, C2)| J*(0) Ihgg(P,C1)) .

Compare with Eq (D.14), we arrive at
CCp=-1. (D.20)

This means the electromagnetic transitions of quarkonium must change the charge conjugation. However,
all the spin O quarkonium have the same parity conjugation C = +1. Therefore the form factors for spin-0

quarkonium are zero.
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D.2 Spin-1 mesons

In the quark model, a spin 1 (J = 1) meson could be either a vector 1~ or an axial-vector 1*. And
C = —1 for vector quarkonium, C = +1 for axial-vector quarkonium . The matrix element of the current

reads
(h’qq(P’,j’ = l,m} =0, 1) J*(0) lhgg(P, j=1,m;=0,%1)) = eqe“*(P’,m})F’;Beﬂ(P, mj) , (D.21)

where e, e* are spin vectors defined in Appendix A.4 and F/; 5 is a 3rd-order tensor function of P#, P’¥, g"”

and €7 All possible non-vanishing combinations of FZ 5 are

Pt P PP, Py, P“P[,P[’g, PP}, Pg, P"PéPé,P'”P;Pé, P'“P&P;;,P’”P(,P;g, P*P,Pg ,

Sop :PugalB,ngaﬁ’ggPIB’g//;PQ’ gﬁP'ﬂ,ggP'a >

(D.22)
e :egﬁppp, egﬂpp’f’, €hpor PP P’ Py, eng_PPP"TPa, €npr PP’ P'g, eng_PPP"TP'a,
P eyppr PPP'7, PHeqpor PPP'7 .
Contracting with the spin vectors in Eq. (D.21), and with the Proca equation in Appendix A.4,
Pge(P,m)) =0, PLe™ (P',m}) =0, (D.23)
we get all possible non-vanishing vectors of e**(P’, m;.)l"/; ﬁeﬁ(P, mj).
Pi(e"(P',m)) - P)(e(P.mj) - P)), P (" (P, m) - P)(e(P.mj) - P') ,
PH(e* (P ) - e(Pom)), P (e* (P mi)) - e(P,m))),
' (Pmy)(e”(P',m)) - P), e (P',m)(e(P,m;) - P')
(D.24)
ehgo PP e (P m))(P.m)), € PP (P, m))P(P.my),
€ PP P (e (P ) - P)P(P,m;), €hpe PPP'7 (e(P,m)) - P (P, m),
P eappr PP P'7 ™ (P, )’ (P, mj), Peapps PP P'7 e (P, m)é (P, m) .
Their coeflicients are functions of |P’|, |P| and P’ - P. The first two are fixed by on shell conditions,
PHP =mi, PP, =m . (D.25)
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Therefore those coefficients should only depend on P’ - P, or ¢” if we define,
q" = P" - P, p=pP"+ P (D.26)
That leads to

Qwd' =4, P =mpy —mp = A, (D.27)
We now have twelve candidates of form factors, Fy__ 12,

e (P, m)Thse’ (P,m)
=p'(e*(P',m) - P)(e(P,m)) - P))F1 + ¢"(e*(P',m) - P)(e(P,m;) - P')F>
+ P (P m') - e(Pm)Fs + q(e" (P, m’) - e(P.m))Fy
+e(P,mj)(e"(P',m) - P)Fs + " (P',m)(e(P,m;) - P')Fs (D.28)
* g

v e g7 (P ) - PYP(P.m)Fy + g 1P g7 (e(P.mj) - P)e (P, ni)Fig

Pre” (P, m)P (Pmp)Fq + € q”e™ (P',m')e’(P,m))Fs

+ q”eaﬁpaﬁpq"e"*(P’,m;)eﬁ(R mj)Fy1 + p!eapporP’q” e (P, m;)eﬁ(P, mj)F, .

The condition of current conservation in Eq. (D.2) requires,

que”" (P',m)r* ﬁeﬁ(P, m)=0. (D.29)

That is,

0 =(e"(P',m’) - P)(e(P,m;) - P)[AnF1 + ¢ F2]
+ (¢ (P',m') - e(P,m))[AnF3 + ¢°F4]
+ (e(P,mj) - P')(e"(P',m)) - P)[Fs = Fe]
+ G, P (P m)E(PmpF7 — ¢ F1i = ApF12] (D.30)
+ Guelg, e (P, m)e’ (P.m))F
+ Guely, P47 (€ (P, m') - PP (P.mj)Fo

+ QuehprP’q” (e(P,my) - P (P, m)Fig .
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Fs, Fy and F could survive since their associated components vanish,

W€ P4 = o€, P’ = ~Qo€,, P’ — dquey, P 47 = 0. (D.31)
The other terms should satisfy

AwF1+q*F2 =0,
AmF3 +q2F4 =0,
(D.32)
Fs—F¢=0,
F7-q*F11 —AnF12=0.

Taking these relations into account, we rewrite the vector decomposition with new coefficients,
™ (P, mi)lh P (P, m))
* ’ / = A
=(e"(P',m) - P)(e(P,m;) - P[P - q“q—'Z"]Gl
% pf ’ = Am
(P eP.mIP - ¢ F1G
+ [ (Pmj)(e”(P',m) - P) + " (P',m)(e(P,m)) - P")]G3 D33)
1 * / ’ '
+ [y, P + qﬂeaﬁmpﬂq‘f?]ea (P',m)é’(P,m,)F
+é€

opp

+é

Bpo

¢ e (P',m)eP (P,m))Gy
a7 (P',m)) - PYEL(P,m))Gs + b g7 (e(P,mj) - Pe™ (P, m)Ge
€€ (P )P = R
Inserting two complete sets of parity operators,
(hyg(P',m';, P2)| JH(0) |hgg(P,mj, P1))
= (hyq(P',m',, PY)| PP~ JH(O)PP ™" |hyq(P,mj, Py)) (D.34)

=PoP1 P (hyg(P - P, m', P2)| J¥(0) lhyg(P - Pymj, Pr))
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With Egs. (D.21) and (D.33), we get
(Hoq(P - Py, P (0) lhgg(P - Pomj, P1)) [eg
* Y ’ VI =K KA
=@ Pm) - (P P)e® - Pomj) - P PP~ 471G
* 2 ’ VI =K KAm
+(e PP m))-e(P-PLm))Pp" —q ?]Gz

+[e"(P - Pmj)(e"(P - P',m)) - (P P))
+ PP m)e® - Pmj)- (P P)IG 0.33)

+ e;ﬁppﬁq"ea*(P P, m})eﬂ(?) - P,m;j)Gy

+ € PU PP P - P o)) - (P - PP - Pmj)Gs

K2

+ € PaPL g P Pomj) - (P P)e™ (P - P n)G

K2

. A
+ €appo P PLP ¢ (P - P )P - Pm )Pl - q"q—;”]G7 )

The effect of parity transformation on spin vector are

P - Pmj) = -Phe’(Pomy) (D.36)
(PP, m}-) -(P-P)= —PZeK*(P’,m})P‘V‘/PX = —e*(P’,m}) -P, (D.37)
PP ,m))- e(P Pmj) = P (P, m})P’fe"*(P', m’) = e"(P',m’) - e(P,m;) . (D.38)

The definition of Levi-Civita tensor leads to

7)?1?/27)(:3%46/)0'0/3 = EK1K2K3K4(det P) = —€x1KkoK3Ky - (D.39)

It follows that

- _ _ K.
Pﬁpmﬁspipﬁepmlﬁ - lepz-z?z Cooap = _€K1K2K3K4P 4

“ (D.40)
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The matrix element under the parity transformation becomes

(hog(P - P m;, Po)J"(0) [hgg(P - Pmj, P1)) [eq
=(e*(P',m) - P)(e(P,m;) - P)P[p" - QK%]GI
+(e"(P',m)) - e(P,m))P,[p" - q“i—;"]Gz
+ Prle(P,mj)(e" (P, m}) - P) 4+ (P, m})(e(P, m;) - P")1G3 (DAD)
— Pr€iod € (P m)e (P,m;)Gy
— P, D 4 (€ (P, m}) - P)e"* (P, m;)Gs

K3

K3

~ Pr€isrn D 4 (e(Pmy) - P (P, m')Ge
_ \ A
— € P 42T (P, m)e (P, m )Py p* — q"q—';]G7 :

Insert Eq. (D.41) into Eq. (D.34), we find that

+1  — G4,G5,G6,G7 =0
PP, = . (D.42)
-1 —>G1,G2,G3 =0

This implies that G, G», G3 are the form factors of parity conserved transitions, and G4, Gs, Gg, G7 are the

form factors of parity flipped transitions. We will discuss them separately in the following.

Vector-to-vector (axial-vector-to-axial-vector) Form Factor

Following our previous discussion, the vector-to-vector (axial-vector-to-axial-vector) transition does not

change partiy, and their form factors are defined as

(Woq(P', = 1,m; = 0,£1,Py = P)| J*(0) |hgg(P. j = 1,m; = 0,£1,P = 1))
Am
=eq|(€"(P',m’) - P)(e(P,my) - P[P - ¢"—51G1(q%)
A 1 (D.43)
+ (¢ (P',m) - e(P,m))[ P - q”q—’;1162<q2)

+ [¢(P,m))(e*(P',m') - P) + &**(P',m/)(e(P,m)) - P)IG3(q”)| -
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For the elastic scattering, #’ = h, thus my, = my, and A,,, = 0,
(hgg(P', J = l,m},Pz = P)|J*(0) |hgg(P, j = 1,mj, Py = £1))
=¢,|(e* (P, m’) - P)(e(P,m)) - P)P"G1(q%) + (e"(P',m) - e(P,m)P*Ga(q") (D.44)
+ [e"(P,mj)(e" (P, m;-) - P) + e (P, m})(e(P, mj) - PHIG3(P)] .
Now G;(¢?) are the elastic form factors. Setting P’ = P and u = +, we have

(hgg(P, j = 1,m’;, Py = PDIJT(0) |hgg(P, j = 1,m;, Py = £1)) = —2¢,P"G(0) . (D.45)

Eq. (D.6) implies that G»(0) = —1.
As we have seen in Eq. (D.19), the electromagnetic transition must flip the charge conjugation of the
particle, so the vector 17~ to vector 17~ or axial-vector 17~ (1**) to axial-vector 1*~(1**) transitions are

forbidden. The only allowed transition is
17" (axial-vector) — 17" (axial-vector) ,

A widely used convention is formulated with the J* current in the Drell-Yan frame,
(heg(P', J = lm; Py = P)IJT(0) |hgg(P, j = 1,m;, Py = £1))
=¢4|2P"[(e"(P',m’) - P)(e(P.m;) - P)G1(q%) + (€"(P',m) - e(P,m;)Ga(q")] (D.46)
+[e*(P,mj)(e"(P',m)) - P) + " (P, m)(e(P,m)) - PHIG3(¢™)| -
Vector Axial-vector Transition Form Factor
The vector axial-vector transitions flip the parity, and their form factors are defined as

(FPL ] =1,m;=0,£1,P, = =PIJ*O)|f(P, j = 1,m; = 0,£1,P; = £1))

eq|€hg, @ e (P m)(PmpH\ (@) + €, g7 (e" (P',m)) - PP (P,m)Ha(g?)
D.47)
+ €hpr P 47 (e(Pymy) - P (P',m)H(q”)

* / / - Am
+ €appr P’ 47" (P, )P (P, m [P — q"?]mwz) :
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D.3 Spin-0 < spin-1 mesons
The matrix element of the transition between a spin-0 and a spin-1 meson reads
(hog(P', j = l,m; =0,£1)[J*(0) lhgg(P, j = 0,m; = 0)) = e"*(P’,m})F’é , (D.48)

where e* is the spin vector defined in Appendix A.4 and I, is a 2nd-order tensor function of P¥, P, g#” and
€7 . Note that we did not write out the charge here for simplicity. All possible non-vanishing combinations

are
Pt P PEP,, PAP, PFP PP, ,
Sop G » (D.49)
P ieh, PP’ .
Contracting with the spin vectors in Eq. (D.21), and according to the Proca equation in A.4,
Ppf(Pmj) =0,  PLe™(P,m)=0, (D.50)

we get all possible non-vanishing vectors of e**(P’, m})l"’é.

Pi(e"(P',m) - P), P (e"(P',m) - P),
(P m), (D.51)
€hpor PPP' 7 (P, m;-) )

Their coeflicients are functions of |P’|, |P| and P’ - P. The first two are fixed by on shell conditions,
PYPy=m;,,  P'Py=m; . (D.52)
Therefore those coeflicients should only depend on P’ - P. For convenience, we define
q" =P - P, pr=prP"+ P (D.53)
The on shell condition now reads

Qwd' =4, quP =my —m = A, (D.54)
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We thereby write e®* (P, m})l“’é as a linear combination of the vectors we found,

e (P )Tl =(e"(P',mi}) - PYFy + (" (P, mi}) - PYF + & (P, m))F

(D.55)
+ egpappq‘rea*(P', m;)F4 )
The condition of current conservation in Eq. (D.2) requires,
que™ (P, m})F’; =0. (D.56)
That is,
0 =(e"(P'.m)) - P)AwF1 + P Fy = F3] + e P q7 que® (P /) Fy . (D.57)
F4 survives since
€prP’q”du =0 (D.58)
The other terms satisfy,
AnFi +¢*Fy—F3=0 (D.59)
We therefore rewrite the vector decomposition with new coefficients,
(P )T =[p(e" (P m) - P) = ¢(e"(P',m)) - P)Aw/q*)H
(D.60)
+ [ (P ) + ¢ (P ) - P)qPVHy + €y PP e (P i) H .
Parity invariance requires that
(hyg(P', j' = 1,m, Po)lJH(0) lhgq(P, j = 0,m;, Py))
= (Hy(P', ' = 1m0, Py)| PP~ JH Q)PP [igq(P, j = 0,m;, Py)) (D.61)
=PoP1 Py (hyy(P - P, j = 1,m/, P J'(0) lhgg(P - P, j = 0,m},Py)) .
The matrix element under the parity transformation reads
(WP P = 1,m, PO (O) lhgg(P - P, j = 0,m,Py))
=PUP (e P P onl) - (P P) = ¢ (" (P P'.m') - (P P)Au/q1H .

— PP P m) + Prg(e* P - P'.m') - (P - P)/q’|1H,

K17 Ky

- PPy, Pgs G;paﬁKl qkzeKs*(P/, m;)H3 .
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By using Egs. (D.36) to (D.40), we get

(HogP - P, j = 1,m, P)y" Y |hgq(P - P, j = 0,m;, P))

= — PP (P m)) - P) = g (" (P',m) - P)An/q 1 HI

(D.63)
- P (P, m) + Prigf(e"(P',m)) - P)/q*1Hy
+ Prer D g (P m)H;
Plug it back into Eq. (D.61), we find
+1 - Hl, H2 =0
PP = . (D.64)

-1 ->H3;=0

H,, H, are form factors of parity flipped transition, and H3 are form factors of parity conserved transition.

We will discuss them separately in the following.

Scalar-to-vector (pseudoscalar-to-axial-vector) Transition Form Factor
The scalar-to-vector (pseudoscalar-to-axial-vector) form factors are defined as
(WP’ j = 1,m; = 0,£1,Py = =P)| J¥(0) |hgg(P. j = 0,m; = 0,Py = £1))
=[P!(e"(P',m)) - P) = ¢"(¢"(P',m)) - P)Aw g’ 1H(q") (D.65)
+ [P, m)) + ¢(e" (P, ') - P)/*1Ha(q) -
As we have seen in Eq. (D.19), the electromagnetic transition must flip the charge conjugation of the particle,

so the allowed transitions are

0**(scalar) — 17" (vector) ,
0~*( pseudoscalar ) — 1%~ (axial-vector ).

The transition between pseudoscalar 0~* and axial-vector 1** is forbidden.
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Scalar-to-axial-vector (pseudoscalar-to-vector) Transition Form Factor
The scalar-to-axial-vector (pseudoscalar-to-vector) form factors are defined as

(hog(P', j = 1,m; = 0,£1, Py = P)IJH(0) [hgg(P, j = 0,m; = 0,Py = £1))
(D.66)
= apo-ﬁpqa-ea*(P’a m;)H3(q2) .
As we have seen in Eq. (D.19), the electromagnetic transition must flip the charge conjugation of the particle,

so the allowed transitions are

0**(scalar) — 1"~ (axial-vector) ,
0~"( pseudoscalar ) — 17~ (vector ).

The transition between scalar 0™ and axial-vector 17 is forbidden.
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